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Abstract 

We construct positive-genus analogues of Welschinger’s invariants for many real symplectic 
manifolds, including the odd-dimensional projective spaces and the renowned quintic threefold. 

In some cases, our invariants provide lower bounds for counts of real positive-genus curves in real 
algebraic varieties. Our approach to the orientability problem is based entirely on the topology 
of real bundle pairs over symmetric surfaces; the previous attempts focused on the determinant 
lines of Fredholm operators. This allows us to endow the uncompactified moduli spaces of real 
maps from symmetric surfaces of all topological types with natural orientations and to verify 
that they extend across the codimension-one boundaries of these spaces, thus implementing a 
far-reaching proposal from C.-C. Liu’s thesis for a fully fledged real Gromov-Witten theory. The 
second and third parts of this work concern applications: they describe important properties 
of our orientations on the moduli spaces, establish some connections with real enumerative 
geometry, provide the relevant equivariant localization data for projective spaces, and obtain 
vanishing results in the spirit of Walcher’s predictions. 
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1 Introduction 

The theory of J-holomorphic maps plays prominent roles in symplectic topology, algebraic geom¬ 
etry, and string theory. The foundational work of [231 EOj EHl ET] [TO] has established the theory of 
(closed) Gromov-Witten invariants, i.e. counts of J-holomorphic maps from closed Riemann sur¬ 
faces to symplectic manifolds. In contrast, the theory of real Gromov-Witten invariants, i.e. counts 
of J-holomorphic maps from symmetric Riemann surfaces commuting with the involutions on the 
domain and the target, is still in early stages of development, especially in positive genera. The 
two main obstacles to defining real Gromov-Witten invariants are the potential non-orientability of 
the moduli space of real J-holomorphic maps and the existence of real codimension-one boundary 
strata. 


In this paper, we introduce the notion of real orientation on a real symplectic 2n-manifold {X,u}, (/>); 
see Dehnitions [ 1.1 [ and 1.2 We overcome the first obstacle by showing that a real orientation induces 
orientations on the uncompactified moduli spaces of real maps for all genera of and for all types of 
involutions a on the domain if n is odd; see Theorem 1.3 We then show that these orientations 


do not change across the codimension-one boundary strata after they are reversed for half of the 
involution types in each genus. This allows us to overcome the second obstacle by gluing the moduli 
spaces for different types of involutions along their common boundaries; this realizes an aspiration 
going back to |2E] . We thus obtain real Gromov-Witten invariants of arbitrary genus for many real 


symplectic manifolds; see Theorems 1.4 and 1.5 Many projective complete intersections, including 
the quintic threefold which plays a central role in Gromov-Witten theory and string theory, are 
among these manifolds; see Proposition |2.1[ These invariants can be used to obtain lower bounds 
for counts of real positive-genus curves in real algebraic varieties; see Proposition [2.5[ For example, 
we find that there are at least 4 real genus 1 degree 6 irreducible curves passing through a generic 
collection of 6 pairs of conjugate points in 


1.1 Terminology and setup 

An involution on a smooth manifold X is a diffeomorphism (j): X—>X such that (po(j) = idx- Let 

A'^ = {xeA: 4’{x)=x'^ 
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denote the fixed locus. An anti-symplectic involution cj) on a. symplectic manifold (A,cj) is an 
involution (p: X — >X such that (p*u} = —u}. For example, the maps 

r/2m:IP^™ ^ > ]p2m [Zi, Z 2 , ■ . . , Z2m-1, Z2m] * [ — Z 2 , Zi, . . . , — Z2m, Z2m-l], 

are anti-symplectic involutions with respect to the standard Fubini-Study symplectic forms LOn 
on and L 02 m on respectively. If 

k^O, a = (oi,..., Ofc) e , 

and is a complete intersection of multi-degree a preserved by r^, then Tn-,a = Tn\xn-a is 

an anti-symplectic involution on Xn-^ with respect to the symplectic form LOn-a = ^n\x„.s,- Similarly, 
if A 2 m;aIS preserved by r] 2 m, then ry2m;a = ?? 2 m|x 2 m;a is an anti-symplectic involution on 
A 2 m;a with respect to the symplectic form uj2m;a = ^^ 2 m\x 2 m-EL- ^ symplectic manifold is a triple 
{X,uj,(j)) consisting of a symplectic manifold (A, cj) and an anti-symplectic involution p. 

Let {X,p) be a manifold with an involution. A conjugation on a complex vector bundle V —> A 
lifting an involution 0 is a vector bundle homomorphism ip: V — >V covering p (or equivalently a 
vector bundle homomorphism tp: V —> p*V covering idx) such that the restriction of ip to each 
fiber is anti-complex linear and ipoip = idy. A real bundle pair {V,ip) —> (A, p) consists of a complex 
vector bundle V — > A and a conjugation ip on V lifting p. For example, 

{TX,dp) — >{X,P) and (AxC”,(()Xc)— >{X,p), 

where c: —>C” is the standard conjugation on C”", are real bundle pairs. For any real bundle 

pair {V, ip) —> (A, p), we denote by 

Aj?P(F,^) = (Aj?Py,Aj?P^) 

the top exterior power of V over C with the induced conjugation. Direct sums, duals, and tensor 
products over C of real bundle pairs over (A, p) are again real bundle pairs over (A, p). 

A symmetric surface (S,cj) is a closed connected oriented smooth surface S (manifold of real di¬ 
mension 2) with an orientation-reversing involution a. The fixed locus of a is a disjoint union of 
circles. If in addition (A, p) is a manifold with an involution, a real map 

u:{T.,a)^{X,p) 

is a smooth map u: S—> A such that uoa = pou. We denote the space of such maps by 5Sg(A)F’'^. 

For a symplectic manifold (A,a;), we denote by the space of ^-compatible almost complex 
structures on A. If p is an anti-symplectic involution on (A, cj), let 

= {jeX: P*J = -J]. 

For a genus g symmetric surface (Z, rr), we similarly denote by the space of complex structures j 
on S compatible with the orientation such that cj*j = —j. For and ue*Bg(A)F’'^, let 

dj^jU = - (du -I- J o duoj) 
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be the 5j-operator on 


Let g,leZ^^, (S,(t) be a genus g symmetric surface, Be H 2 {X-,Z) —0, and JeJ^. Let c 
be the big diagonal, i.e. the subset of 2Ltuples with at least two coordinates equal. Denote by 




{(u, {z^,z^ 


zi =(T[zl)\li = l,...,l, m„[S]z = 5, 5jjn = 0}/~ 


the (uncompactihed) moduli space of equivalence classes of degree B real J-holomorphic maps from 
(S, a) to {X, 4>) with I pairs of conjugate marked points. Two marked J-holomorphic {(p, uj-real 
maps determine the same element of this moduli space if they differ by an orientation-preserving 
diffeomorphism of S commuting with a. We denote by 


Mg^iiX, B- J)'^’" 3 Mg^iiX, B- J)'^’" (1.1) 

Gromov’s convergence compactification of dJlg^i{X, B; J)‘^’°' obtained by including stable real maps 
from nodal symmetric surfaces. The (virtually) codimension-one boundary strata of 

Mg^liX, B- - mg,l{X, B- J)^’- C Mg^liX, B' 


consist of real J-holomorphic maps from one-nodal symmetric surfaces to {X, (p) . Each stra¬ 
tum is either a (virtual) hypersurface in Tlg^i{X, B; J)^’^ or a (virtual) boundary of the spaces 
TRg^;(A, J)'^’°' for precisely two topological types of orientation-reversing involutions a on S. 
Let 


mg,i{X,B-,J)^ = [_\mg,i{X,B-,J)^'^ and Mg^iiX, B; = [jmg,i{X, B; (1.2) 

(7 a 

denote the (disjoint) union of the uncompactihed real moduli spaces and the union of the com- 
pactihed real moduli spaces, respectively, taken over all topological types of orientation-reversing 
involutions a on S. 


As in Example |4.2[ 


we denote by 


detdc ^mg4X,B;J)^ 


the determinant line bundle of the standard real Cauchy-Riemann operator with values in (C, c). 
This real line bundle is not orientable if 5 ^ 1. It is not needed to formulate the main immedi¬ 


ately applicable results of this paper. Theorems ]_T and ^ below, but is used in the overarching 
statement of Theorem 11.81 


1.2 Real orientations and real GW-invariants 

We now introduce the notion of real orientation on a real symplectic manifold and state the main 
theorems of this paper. 

Definition 1.1. A real symplectic manifold {X,u},(p) is real-orientable if there exists a rank 1 real 
bundle pair {L, cp) over (X, (p) such that 

W 2 {TX'f^) = and {TX,d(p) ^ . (1.3) 
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Definition 1.2. A real orientation on a real-orientable symplectic manifold {X,uj,(p) consists of 


(ROl) a rank 1 real bundle pair {L,(p) over satisfying (1.3), 


(R02) a homotopy class of isomorphisms of real bundle pairs in (1.3), and 

(R03) a spin structure on the real vector bundle TX‘^©2(L*)'^* over X‘^ compatible with the 


orientation induced by (R02) 


Theorem 1.3. Let {X,u},(j)) be a real-orientable 2n-manifold, g,leWX^, BeH 2 {X-,'L), and J&Ju- 
Then a real orientation on {X,(jj,(j)) determines an orientation on the real line bundle 


A^^^{Tmg,i{X,B-jf) ® (detdc)®^"+'^ ^ yRg^i{X,B-jf. 
In particular, the real moduli space 91Tg^;(A, R; is orientable if n is odd. 


(1.4) 


A homotopy class of isomorphisms as in (1.3) de term ines an orientation on thus on 

TA‘^©2(L*)'^* ; see the paragraph after Definition |5.l[ In particular. Theorem [hil does not con¬ 


sider any real sym plectic manifolds {X,uj,(j)) with unorientable Lagrangians By the first 

assumption in (1.3), the real vector bundle TX'^©2(L*)‘^* over X't’ admits a spin structure. Since 
x<ii, a real orientation on (X,uj, f) includes a relative spin structure on in the 

sense of m Definition 8.1.2]. 


The moduli space i)Jlg^i{X, B; is not smooth in general. Its tangent bundle in (1.4) should be 
viewed in the usual moduli-theoretic (or virtual) sense, i.e. as the index of suitably defined lin¬ 
earization of the dj-operat or (w hich includes deformations of the complex structure j on S). The 
first statement of Theorem |l.3| and its proof also apply to Kuranishi charts for Tlg^i{X, B; J)^ and 
the tangent spaces of the moduli spaces of real (J, z^)-maps for generic local ^-invariant deforma¬ 
tions u of 137|. Kuranishi atlases for i)Jlg^i{X, B-,J)'^ are obtained by carrying out the constructions 
of [271 [in] in a (()-invariant manner; see [38l S ecti on 7] and [IH Appendix]. Since the (virtual) 
boundary of iXftg^i{X, B] J)‘l' is empty. Theorem 1.3 implies that this moduli space carries a virtual 


fundamental class in some cases and thus gives rise to real GW-invariants in arbitrary genus. 


Theorem 1.4. Let {X,uj,(j)) be a compact real-orientable 2n-manifold with nf 2Z, g,l e 
BeH 2 {X;Z), and J e . Then a real orientation on {X,uj,(f>) endows the moduli space 
Vyig^i{X, B; J)'^^ with a virtual fundamental class and thus gives rise to genus g real GW-invariants 
of {X,ijj,(f)) that are independent of the choice of JeJ^. 


The resulting real GW-invariants of (A, a;,())) in general depend on the choice of real orientation. 
This situation is analogous to the dependence on the choice of relative spin structure often seen in 
open GW-theory. 


A symplectic 2n-manifold (A, w) is called strongly semi-positive in |l0| if <(ci(A),R)^ 1 for every 
spherical class B e H 2 {X]Z) with {a;, R) ^ 0 and <(ci(A), R) ^ 2 —n. Monotone symplectic mani¬ 
folds, including all projective spaces and Fano hypersurfaces of dimension at least 3, are strongly 
semi-positive. As pointed out in BQI, the strongly semi-positive property plays the same role in 
real GW-theory as the semi-positive property plays in “classical” GW-theory. In particular, the 
geometric perturbations of m adapted to the real case as in Cl Section 2] suffice to define the 
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invariants of Theorem 1.4 with constraints pulled from the target and the Deligne-Mumford moduli 
space of real curves for strongly semi-positive real-orientable {X,uj,(p). In these cases, the virtual 
tangent space of B; J)^ appearing in (1.4) can be replaced by the actual tangent space of 

the moduli space of simple real (J, z^)-holomorphic maps from smooth and one-nodal symmetric 
surfaces of genus g. The invariance of the resulting counts of such maps can then be established 
by following along a path of auxiliary data; it can pass only through one-nodal degenerations. 


Theorem 1.4 yields counts of real curves with conjugate pairs of insertions only. By the last 
Theorem 6.5], the orientability of the Deligne-Mumford moduli space 


statement of 

of real genus g curves with I conjugate pairs of marked points and k real marked points does not 
capture the orientability of the analogous moduli space ‘^Mg^i-k{X,B]J)'^ of real maps whenever 
/c>0. Theorem 1.3 remains valid for such moduli spaces outside of certain “bad” codimension-one 


strata. However, these strata are avoided by generic one-parameter families of real maps in certain 


cases; Theorem 1.3 then yields counts of real curves with conjugate pairs of insertions and real 
point insertions. 

Theorem 1.5. Let {X,u},(p) be a compact real-orientable 6-manifold such that {ci(X), H)e4Z for 
all B^H 2 {X]’L) with B = — B. For all 

BeH 2 {X-,Z), gi,...,gieH^{X-,Q)uH^{X-,Q), and 

a real orientation on (X, a;,(/>) determines a signed count 

of real J-holomorphic genus 1 degree B curves which is independent of the choice of J ej^. 


The n = 0 case of Theorem 1.3 is essentially Proposition 6.1 which describes the orientability of 
the Deligne-Mumford moduli space MAig^i of genus g symmetric surfaces with I conjugate pairs of 
marked points. If n e 2Z and g-\-l ^2, Theorem 1.3 implies that a real orientation on {X,uj,(p) 
induces an orientation on the real line bundle 

J)<>) 0f (A;°P(TMAi,,0) J)^ (1.5) 

where f is the forgetful morphism ( |3.2[ ). This orientation can be used to construct GW-invariants 
of {X,uj, (p) with classes twisted by the orientation system of as done in [14] in the g = 0 

case. 


1.3 Previous results and acknowledgments 

Invariant signed counts of real genus 0 curves with point constraints in real symplectic 4-manifolds 
and in many real symplectic 6-manifolds are dehned in @01111]. An approach to interpreting these 
counts in the style of Gromov-Witten theory, i.e. as counts of parametrizations of such curves, is 
presented in @1 ]38]. Signed counts of real genus 0 curves with conjugate pairs of arbitrary (not 
necessarily point) constraints in arbitrary dimensions are defined in [H]. All of these invariants 
involve morphisms from with the standard involution t = T 2 only and are constructed under the 
assumption that the fixed circle cannot shrink in a limit; thus, only the degenerations of type (H3) 
in Section 3.2 are relevant in this case. This assumption is dropped in [8] by combining counts 
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of (P^, r)-morphisms with counts of (P^, 7/)-morphisms for the fixed-point-free involution r] = r]2 
on P^ and thus also considering the degenerations of type (E). As the degenerations of types (HI) 
and (H2) do not appear in genus 0, [ 8 ] thus implements the genus 0 case of an aspiration raised 
in [28] and elucidated in |35l Section 1.5]. The target manifolds considered in | 8 | are real-orientable 
in the sense of Definition 1.1 and have spin fixed locus. 


We would like to thank E. Brugalle, R. Cretois, E. lonel, S. Lisi, M. Liu, J. Solomon, J. Starr, 
M. Tehran!, G. Tian, and J. Welschinger for related discussions. The second author is very grateful 
to the IAS School of Mathematics for its hospitality during the initial stages of our project on real 
GW-theory. 


2 Examples, properties, and applications 

We begin this section with examples of distinct collections of real-orientable symplectic manifolds. 


We then describe a number of properties of the real GW-invariants of Theorems 1.4 and 1.5 


including connections with real enumerative geometry and compatibility with key morphisms of 
GW-theory. With the exception of Proposition 2.3 and Gorollaries 2.6 and |2.7[ the claims below 
are established in 


Proposition 2.1. Let m,n€'Z~^, , and a= (oi,..., a^)6 

(1) //is a complete intersection of multi-degree a preserved by Tn, 

k k k 


^ Oj = n mod 2 , 


and 


mod 4, 


i=l 2=1 2=1 

then {Xn-a,^n-,8L-,Tn-a) is a real-orientaUc symplectic manifold. 

(2) //is a Complete intersection of multi-degree a preserved by r]2m and 

ai + ...+ak = 2m mod 4, 


then {X 2 m;aL, ?? 2 m;a) is a real-oricntable symplectic manifold. 

Proposition 2.2. Let {X,(jj,(f>) be a real symplectic manifold with W 2 {X'i’) =0. If 

(1) Hi(A;Q) = 0 and ci{X) = 2{yL — (j)* p) for some p.e H‘^{X;Z) or 

(2) X is compact Kahler, (j) is anti-holomorphic, and Xx = 2{[D] + [f)^D]) for some divisor D 
on X, 

then (X,uj,4>) is a real-orientable symplectic manifold. 

Both of these propositions are established in |19) . The first one is obtained by explicitly construct¬ 
ing suitable rank 1 real bundle pairs (L, ^), while the second follows easily from the proof of jH] 
Proposition 1.5]. 


The following vanishing result extends dZl Theorem 2.5]. Since the proof of the latter applies, we 
refer the reader to m 
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Proposition 2.3. Let {X,uj,(j)) be a compact real-orientable 2n-manifold with n^2Z and 

The genus g primary real GW-invariants of {X, w, 4>) with conjugate pairs of constraints that include 

an insertion fie H* {X]Q) such that 41 * 10 , = g, vanish. 


The genus g real GW-invariants of with conjugate pairs of constraints can be computed 

using the virtual equivariant localization theorem of [22]. In the g = l case, all torus fixed loci are 
contained in the smooth locus of the moduli space and the classical equivariant localization theorem 
of |2] suffices. The relevant fixed loci data, which we describe in nni based on the properties of the 
orientations of Theorem 1.3 obtained in [T8|, is consistent with |39l (3.22)]. We also obtain the two 


types of cancellations of contributions from some fixed loci predicted in Sections 3.2,3.3]. We 
use this data to obtain the following qualitative observations in |19j : they extend ( 8 ] Theorem 1.10] 
from the g = 0 case and [9] Theorem 7.2] from the g = l case (the latter assuming that genus 1 real 
GW-invariants can be defined). 


Proposition 2.4. The genus g degree d real GW-invariants o/(P^”“^, a; 2 n, T 2 n) and ,L 0 in, i]in) 

with only conjugate pairs of insertions vanish if d — ge 2Z. The genus g real GW-invariants of 
,i 04 n,Tin) and ,i 04 n,'n‘in) with only conjugate pairs of insertions differ by the factor 

0/(- 1 ) 3 - 1 . 


The genus g real GW-invariants of Theorem 1.4 are in general combinations of counts of real curves 
of genus g and counts of real curves of lower genera. In light of |44l Theorems 1A,1B] and |45l 
Theorem 1.5], it seems plausible that the former can be extracted from these GW-invariants to 
directly provide lower bounds for enumerative counts of real curves in good situations. This would 
typically involve delicate obstruction analysis. However, the situation is fairly simple \i g = l and 
n = 3. 


Proposition 2.5. Let {X,u,4) be a compact real-orientable 6 -manifold and be an almost 

complex structure which is genus 1 regular in the sense of \4S[ Definition l.f]. The genus 1 real 
GW-invariants of{X,uj,4) are then equal to the corresponding signed counts of real J-holomorphic 
curves and thus provide lower bounds for the number of real genus 1 irreducible curves in {X, J, 4) ■ 

Since the standard complex structure Jq on is genus 1 regular, the genus 1 real GW-invariants of 
(P^, UI 4 , T 4 ) and (P^, a;4, gf) are lower bounds for the enumerative counts of such curves in (P^, Jq, T4) 
and (P^, Jo, gf), respectively. The claim of Proposition |2.5| is particularly evident in the case of real 
invariants of (P^, Jo,T 4 ) and (P^, Jo,g 4 ). The only lower-genus contributions for the genus 1 GW- 
invariants of 6 -dimensional symplectic manifolds can come from the genus 0 curves. If J is genus 1 
regular, such contributions arise from the stratum of the moduli space consisting of morphisms 
with contracted genus 1 domain and a single effective bubble. In the case of real morphisms, the 
node of the domain of such a map would have to be real. There are no such morphisms in the case 
of (P^, Jo, 774 ) because the real locus of (P^,r 74 ) is empty. In the case of (P^, Jo,r 4 ), the genus 0 
contribution to the genus 1 real GW-invariant is a multiple of the genus 0 real GW-invariant with 
the same insertions. The genus 0 real GW-invariants of (P^, Jq, T4) are known to vanish in the even 


is that the genus 0 real enumerative counts do not contribute to the genus 1 real GW-invariants in 
all of the cases under consideration; this is shown in [T9| . The situation in higher genus is described 
in [33] . 


degrees; see m Remark 2.4(2)] and ( 8 ] Theorem 1.10]. However, the substance of Proposition [2(5 


From the equivariant localization data in [T9] , we find that the genus 1 degree d real GW-invariant 
of P^ with d pairs of conjugate point insertions is 0 for J = 2, —1 for J = 4, and —4 for d = 6 . 
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The d = 2 number is as expected, since there are no connected degree 2 curves of any kind passing 
through two generic pairs of conjugate points in The d = 4 number is also not surprising, since 
there is only one genus 1 degree 4 curve passing through 8 generic points in see the first three 
paragraphs of [26l Section 1], By m, the genus 0 and genus 1 degree 6 GW-invariants of P^ with 
12 point insertions are 2576 and 1496/3, respectively. By |43t Theorem 1.1], this implies that the 
number of genus 1 degree 6 curves passing through 12 generic points in P^ is 2860. Our signed 
count of —4 for the real genus 1 degree 6 curves through 6 pairs of conjugate points in P^ is thus 
consistent with the complex count and provides a non-trivial lower bound for the number of real 
genus 1 degree 6 curves with 6 pairs of conjugate point insertions. Complete computations of the 
d = 2,4 numbers and of the d = 6 number appear in m and [20l |3l] , respectively. 


In all cases, the lower-genus contributions to the genus g real GW-invariants arise from real curves 
passing through the specified constraints. If n = 3, (ci(X), and the almost complex structure 

is sufficiently regular, all such contributions arise from curves of the same degree. Since the 
real enumerative counts are of the same parity as the complex enumerative counts, Propositions |2.3[ 


2.4, and 2.5 yield the following observations concerning the complex enumerative invariants 

Eg,eZ (2.1) 

with Pi e H*{X]'L) that count genus g degree B J-holomorphic curves passing through generic 
representatives of the Poincare duals of pi. 

Corollary 2.6. Let {X,uj,(j)) be a real-orientable 6-manifold, g,le7X^, and B e H 2 {X;'L) with 
{ci{X),B') 7 ^ 0. If (p*Pi = Pi for some i = 1,... ,l and J e is sufficiently regular, then the 


number (2.1) is even. 

Corollary 2.7. Let g,l,de with d ^ 2g — 1. If either pi e 77^(P^; Z) for some i = 1,... ,l or 


g = 0,l and g—de2'L, then the genus g degreed enumerative invariants o/P^ of the form (2.1) are 
even. 


The real GW-invariants arising from Theorems |1.4| and 1.5 are compatible with standard mor- 
phisms of GW-theory, such as the morphisms forgetting pairs of conjugate marked points and the 
node-identifying immersions (2.3) below. By construction, the orientations on the real line bun¬ 


dles (1.4) induced by a fixed real orientation on (X, oj, 4>) are preserved by the morphisms forgetting 
pairs of conjugate marked points (the fibers of these morphisms are canonically oriented). If n^2Z, 
this implies that the orientations on the moduli spaces of real morphisms induced by a fixed real 
orientation on {X,ui, 4>) are preserved by the forgetful morphisms. If n 6 2Z, the orientations on the 
real line bundles ( |1.5[ ) induced by a fixed real orientation on {X,u}, </>) are preserved by the forget¬ 
ful morphisms. In both cases, the orientations are compatible with the standard node-identifying 
immersions (2.3) below; see Proposition 2.8, This in turn implies that a uniform system of these 
orientations is determined by a choice of orientation of X4q2 ^ where t = T 2 is the standard 
conjugation on P^, and a real orientation on {X,uj, (f>). If gf2'L, this also implies that the real GW- 
invariants of (P^**"^, a; 2 n, '!' 2 n) and (P^”“^, a; 4 n, Pin) are independent of the choice of real orientation. 


Let (X, ca, 4>), I, B, and J be as in Theorem 


1.3 


and ffeZ. We denote by Tlg i{X, B] J)^ the moduli 


space of stable real degree B morphisms from possibly disconnected nodal symmetric surfaces of 
Euler characteristic 2{l—g) with I pairs of conjugate marked points. For each i = l,... ,1, let 


eYi:mli{X,B;J)^ 


X. 


[u,i4 , 2 :^ ),..., ( 2 ;+, 2 ; )] - >u{z+), 
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be the evaluation at the first point in the i-th pair of conjugate points. Let 

ev,_i([u])=ev,([u])}. 

The short exact sequence 

0 ^ B; J)^ ^ T^h^X, B- — evfTX ^ 0 

induces an isomorphism 

B- ^ A^^^TM^iiX, B; J)<>) 0 evf {ATi^X)) 

of real line bundles over i?; J)*^. 

The identification of the last two pairs of conjugate marked points induces an immersion 

K'-2,l+2iX, B- J)^ ^ B; jf . 


( 2 . 2 ) 


(2.3) 


This immersion takes the main stratum of the domain, i.e. the subspace consisting of real morphisms 
from smooth symmetric surfaces, to the subspace of the target consisting of real morphisms from 
symmetric surfaces with one pair of conjugate nodes. There is a canonical isomorphism 


Mi = 


i*TTlli{X,B;J)^ 

Tm'g\i^,iX,B-,J)^ 


^l+l<S)C^l+2 


of the normal bundle of t with the tensor product of the universal tangent line bundles for the first 
points in the last two conjugate pairs. It induces an isomorphism 

i*{A^^ {Tmli{X,B;J)^)) ^ ® Ae(A+i0cA+2 ) (2.4) 


of real line bundles over Tl'g_ 2 ^i ^2 (X, i?; J)'^. Along with |2.2| with {g,l) replaced by {g —2,1 + 2), 
it determines an isomorphism 


B; ® Ai(£,+i8cri+2) 

^i*(Ai->(rOT;,(X,B;J)*)) 0 evf +1 (Ai°-(rx)) 

of real line bundles over 9?Ig_2,z+2 {X,B-J)^. 


(2.5) 


Proposition 2.8. Let {X,ui,(f)), g,l, B, and J be as in Theorem 1.3 with n^2Z. The isomor¬ 
phism (2.5) is orientation-reversing with respect to the orientations on the moduli spaces determined 
by a real orientation on {X,uj,<()) and the canonical orientations on £/+i0c£;+2 o,nd TX. 

This proposition is established in [TB]. Its substance is that the orientations on ^*- 2 , 1 + 2 ^^■> ^1 
induced from the orientations of ^*g- 2 ,i+ 2 iM, B, J)''^ and 571* ;(X, B, J)^ via the isomorphisms (2.2) 
and (2.4) are opposite. This unfortunate reversal of orientations under the immersion 


can 


be fixed by multiplying the orientation on Tl*g i{X, B, J)‘f’ described at the end of Section 3.2 by 

lis w ould change the 
by (_lj[9/2j + |o-|o^ 


(_1)[9/2 J+i, fQj. example. Along with the sign flip at the end of Section]^ t 
canonical orientation on SOI* ^{X, B, J)'^’'^ constructed in the proof of Corollary 


5.10 
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where |cr|o is the number of topological components of the fixed locus of This sign change 

would make the real genus 1 degree d GW-invariant of (P^,a; 4 ,r 4 ) with d pairs of conjugate point 
constraints to be 0 for d = 2, 1 for d = 4, and 4 for d = 6. In particular, it would make the d = 4 
number congruent to its complex analogue modulo 4; this is the case for Welschinger’s (genus 0) 
invariants for many target spaces. However, this property fails for the {g,d) = (1,5) numbers (the 
real enumerative invariant is 0, while its complex analogue is 42). 


We note that the statement of Proposition |2.8| is invariant under interchanging the points within 
the last two conjugate pairs simultaneously (this corresponds to reordering the nodes of a nodal 
map). This interchange reverses the orientation of the last factor on the left-hand side of (2.5), 


because the complex rank of £,i+i<S)c^i +2 is 1, and the orientation of the last factor on the right- 


hand side of (2.5), because the complex rank of TX is odd. 


If n6 2Z and g+l^2, the comparison (2.5) should be made with the tangent bundles of the moduli 


spaces twisted as in (1.5). The proof of Proposition 2.8 appearing in [T8j still applies, but leads to 
the opposite conclusion; see [IHl Remark 1.3]. 


3 Outline of the main proofs 


The origins of real GW-theory go back to [28], where the spaces (1.2) are topologized by adapting 
the description of Gromov’s topology in m via versal families of deformations of abstract complex 
curves to the real setting. This demonstrates that the codimension 1 boundaries of the spaces 
in (1.1) form hypersurfaces inside the full moduli space (1.2) and thus reduces the problem of 
constructing a real GW-theory for a real symplectic manifold {X,uj,(p) to showing that 

(A) the uncompactified moduli spaces 20lg^i{X, B; are orientable for all types of orientation- 
reversing involutions cr on a genus g symmetric surface, and 


(B) an orientation of 'dJlg^i{X, B] J)'^ extends across the (virtually) codimension-one strata of the 
compact moduli space Tlg^i{X, B] 

In this paper, we achieve both objectives for real-orientable 2n-manifolds with n^2Z. 


Let g,leJX^ with g + l^2. Denote by i the Deligne-Mumford moduli space of ci-compatible 
complex structures on a genus g symmetric surface (S, a) with I conjugate pairs of marked points 
and by 





cr 

9,1 


its compactification obtained by including stable nodal symmetric surfaces. The codimension-one 
boundary strata of A4g i—Aigi consist of real one-nodal symmetric surfaces. Each stratum is either 
a hypersurface in or is a boundary of the spaces for precisely two topological types of 
orientation-reversing involutions cr on S. Let 


RMg,i = U Mh and MM,,, = (J M^, 

a a 


denote the (disjoint) union of the uncompactified real Deligne-Mumford moduli spaces and the 
union of the compactified real Deligne-Mumford moduli spaces, respectively, taken over all topo¬ 
logical types of orientation-reversing involutions u on S. The moduli space MM,,, is not orientable 
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if gs'L'^. One of the two main steps in the proof of Theorem 1.3 is Proposition 6.1 it implies that 
the real line bundle 

{TRMg^i) 0 (det ~dc) ^ MAdg,; (3.1) 

has a canonical orientation. 


With g, I as above, let 

^RMg^l (3.2) 

denote the forgetful morphism. For each [u] ;(X, with stable domain, it induces a canon¬ 

ical isomorphism 


^ (det -D(rX;d(/>);u 


(3.3) 


where det D{tx -,&()>)■, u is the determinant of the linearization Ti(TX;d<^);u of the real dj-operator at u; 
see Section 4.2, The orientability of the last factor in (3.3) as u varies is indicated by the previous 


paragraph. We study the orientability of the first factor on the right-hand side of (3.3) via the 
relative determinant of Dt 


\TX-,d<j>y,u: 


det Zl()rx;d</));u = (det Zl('rx;d</));u) ® (det ds;c) 


(H)n 


(3.4) 


where 2n = dimX and detds;C is the standard real Cauchy-Riemann (or CR-) operator on the 
domain (S,(t) of u with values in (C, c) 
between the orientations on det D 


An orientation on (3.4) determines a correspondence 
{TX-,d4>)-,u and on the determinant detnds;C of the standard real 


d-operator on the trivial rank n real bundle (SxC”,crx c) over (S,(t). On the other hand, orien¬ 
tations on det D(j^X]d<p)-,u are naturally related to the topology of real bundles pairs over (S, a). In 


particular, the second main step in the proof of Theorem 1.3 is Proposition 5.2; it implies that a 


real orientation on (W, a;,())) determines an orientation on (3.4) which varies continuously with u 


Combined with the canonical orientation of (3.1) and the canonical isomorphism of (3.3), the latter 


orientation determines an orientation on the line bundle (1.4). 


3.1 The orientability problem 


The typical approaches to the orientability problem in real GW-theory, i.e. |(A)| on page 11 involve 
computing the signs of the actions of appropriate real diffeomorphisms on determinant lines of real 
CR-operators over some coverings of 91Ig(X, R; J)'^’'^. These approaches work as long as all rele¬ 
vant diffeomorphisms are homotopically fairly simple and in particular preserve a bordered surface 
in S that doubles to S or map it to its conjugate half. This is the case if the fixed locus c S 
of the involution a is separating; a good understanding of the orientability of the moduli spaces 
in such cases is obtained in [38l [I2J n El [la EE]. This is also the case for any 
involution a of genus g = Q,l. In particular, the restriction of Theorem 1.3 to dJlg{X,B; J)^ 


for 

the genus 1 involutions a is essentially m Theorem 1.2]; a less general version of [151 Theorem 1.2] 
is la Theorem 1.1]. However, understanding the orientability in the bordered case is not sufficient 
beyond genus 1, due to the presence of real diffeomorphisms of (S, a) not preserving any half of S; 
see Example |4.1[ The subtle effect of such diffeomorphisms on the orientability is hard to determine. 


In contrast to [Ml Il2| , in m we allowed the complex structure on a bordered domain to vary 
and considered diffeomorphisms interchanging the boundary components and their lifts to auto¬ 
morphisms of real bundle pairs. We discovered that they often act with the same signs on 
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(Al) a natural cover of and the determinant line bundle for the trivial rank 1 real bundle pair 
over it; 

(A2) the determinants of real CR-operators on the square of a rank 1 real bundle pair with ori- 
entable real part and on the trivial rank 1 real bundle pair; 

(A3) the determinants of real CR-operators on an odd-rank real bundle pair and its top exterior 
power; 

see US Propositions 2.5,4-l;4-2]- In this paper, we show that these analytic statements are in 


fact underpinned by the topological statement of Proposition 5.2 concerning canonical homotopy 
classes of isomorphisms between real bundle pairs over a symmetric surface In particular, 

|(A2)| and (A3)| are direct manifestations of Corollaries 5.6 and 5.7 which follow readily from Propo¬ 
sition |5.2 As we work on the more elemental, topological level of real bundle pairs, we do not 
compute the signs of any automorphisms, but instead compare them directly. 


Proposition 5.9, which appears to be of its own interest, endows the restriction of the line bun¬ 


dle (3.1) to each topological component of MAd^^; with a canonical orientation and thus 


explains 

canonica 


(Al) This canonical orientation over an element [C] of Ad A is obtained by tensoring 


orientations on four lines: 


(1) the orientation on the tensor product of the top exterior powers of the left and middle terms 


in (5.21) induced by the Kodaira-Spencer (or KS) isomorphism. 


(2) the orientation on the tensor product of the top exterior powers of the middle term in (5.21) 


and of the right-hand side in (5.22) induced by the Dolbeault Isomorphism and Serre Duality, 


(3) the orientation on (5.24) induced by the short exact sequence (5.23) and the specihed orienta¬ 


tions of (5.20), 


(4) the orientation on the hber of the line bundle (5.26) over [C] determined by Corollaries 5.6 
and 15.71 


We combine the canonical orientation on the restriction of the line bundle (3.1) to the main stra¬ 


tum M.A4g^i, the orientation on the relative determinants (3.4) induced by the real orientation 
on {X,io,(j)), and the isomorphism ( |3.3| ) to establish the restriction of Theorem 1.3 to the uncom- 
pactified moduli space B; J)^] see Corollary 5.10 


3.2 The codimension-one boundary problem 


Once the orientability problem (A) is resolved, one can study the codimension-one boundary prob¬ 
lem, i.e. |(B)| on page 11 It then asks whether it is possible to choose an orientation on the subspace 

mg,l{X, B- CZ Mg^liX, B- Jf 

for each topological type of orientation-reversing involutions fi on a genus g symmetric surface 
so that the resulting orientations do not change across the (virtually) codimension-one strata of 
'0ytg^i{X, B] J)'^. These strata are (virtual) hypersurfaces inside of the full moduli space and consist 
of morphisms from one-nodal symmetric surfaces to (X, </>). 


As described in 
(S,xi2,ct): 


Section 3], there are four distinct types of one-nodal symmetric surfaces 
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Figure 1: The real locus transition through (H2) and (H3) degenerations 


(E) xi 2 is an isolated real node, i.e. xu is an isolated point of the fixed locus 
(H) xi 2 is a non-isolated real node and 

(HI) the topological component of containing xi 2 is algebraically irreducible (the normal¬ 
ization SJ 2 of EJ 2 is connected); 

(H2) the topological component Sf ^2 of containing X 12 is algebraically reducible, but S is 
algebraically irreducible (the normalization S ^2 of S 12 is disconnected, but the normalization 
S of S is connected); 

(H3) S is algebraically reducible (the normalization S of S is disconnected). 

In 0 Section 3], the above types are called (II), (ICl), (IC2), and (ID), respectively. In the genus 0 
case, the degenerations (E) and (H3) are known as codimension-one sphere bubbling and disk bub¬ 
bling, respectively; the degenerations (HI) and (H2) cannot occur in the genus 0 case. 

The transitions between smooth symmetric surfaces across the four types of one-nodal symmet¬ 
ric surfaces are illustrated in [28( Eigures 12-15]. A transition through a degeneration (H3) does 
not change the topological type of the involution. Thus, each stratum of morphisms from a one- 
nodal symmetric surface of type (H3) to {X,(j)) is a hypersurface inside of Tlg^i{X, B; for 
some genus g involution a. This transition does not play a material role in the approach of Ha HU, 
which is based on counting real genus 0 curves, rather than their parametrizations. In the approach 
of [HIM]; which is based on counting morphisms from disks as halves of morphisms from (P^,t), 
the degeneration (H3) appears as a codimension-one boundary consisting of morphisms from two 
disks. This boundary is glued to itself in bm by the involution which corresponds to flipping 
one of the disks; this involution is orientation-reversing under suitable assumptions and so the 
orientation on the main stratum extends across the resulting hypersurfaces. A perspective that 
combines the hypersurface viewpoint of [iniiii] with the parametrizations setting of BM appears 
in M- It fits naturally with the approach of this paper to studying transitions through all four 
degeneration types. 


A transition through a degeneration (E) changes the number |cr|o of topological components (cir¬ 
cles) of the fixed locus c E by one. In the terminology of Section 4.1, such a transition can 


be described as collapsing a standard boundary component of a bordered half-surface (correspond¬ 
ing to a component of E®") and then replacing it with a crosscap. In particular, each stratum of 
morphisms from a one-nodal symmetric surface of type (E) to {X, 4>) is a boundary of the spaces 
for precisely two topological types of genus g involutions a. In the genus 0 case. 




14 

























Figure 2: The real locus transition through an (HI) degeneration 


the analysis of orientations necessary for the gluing of the two spaces along their common boundary 
is carried out in [8l Section 3]. 

A transition through a degeneration (HI) also changes the number |cj|o by one, but through a 
more complicated process. Such a transition transforms two components of T,^ into one and cre¬ 
ates an additional crosscap “near” the node of the one-nodal surface (T,,xi 2 ,(t)- Each stratum of 
morphisms from a one-nodal symmetric surface of type (HI) to {X, (p) is a boundary of the spaces 
VJlg^i{X, B] J)'^’°' for precisely two topological types of genus g involutions a. A degeneration (HI) 
cannot occur in genus 0, but does occur in genus 1 and higher; see the last diagram in [9l Figure 2], 

A transition through a degeneration (H2) does not change the number of topological components 
of but cuts one of them into two arcs and re-joins the arcs in the opposite way. The trans¬ 
formation of the real locus is the same as in the (H3) case, but an (H2) transition also inserts or 
removes two crosscaps. This transition may or may not change the topological type of the involu¬ 
tion a. If the fixed locus of (S,xi 2 ,cr) is separating, then this transition changes the topological 
type of a and each stratum of morphisms from (S,xi 2 ,(t) to {X,(p) is a boundary of the spaces 
VJlg^i{X, B] J)'^’°' for precisely two topological types of genus g involutions a. If the fixed locus of 
(S,xi 2 ,o') is non-separating, then this transition does not change the topological type of a and 
each stratum of morphisms from (S,xi 2 , cr) to {X,(p) is a hypersurface inside of ‘^g^i{X,B] 
for some genus g involution a. A degeneration (H2) cannot occur in genus 0 or 1, but does occur 
in genus 2 and higher. 


The transitions (HI) and (H2) do not preserve any bordered surface in S that doubles to S, in 
contrast to the transition (E); the transition (H3) does not preserve any bordered surface in S that 
doubles to S either, but its nature is fairly simple. As in the case of |(A)| discussed in Section 
this makes the issue |(B)| difficult to study using the standard approaches to orienting the determi¬ 
nant lines of real CR-operators even when issue |(A)1 is resolved; see [9l Conjectures 1.3,6.3]. We 
approach |(B)| by studying isomorphisms between real bundle pairs, but this time over one-nodal 
symmetric surfaces (T,,xi 2 ,cr). As in the smooth case, this circumvents a direct computation of 
the signs of any automorphisms of the determinant lines of real CR-operators. 


3.1 


Corollary 5.10 uses a real orientation on {X,uj,(p) to endow the fiber of the line bundle (1.4) over 
each element [u] of VJlg^i{X, B; J)^ with an orientation. The latter is obtained by combining the 
orientation on the relative determinant (3.4) of the linearization of the dj-operator at u induced by 
the real orientation on (X,uj,(p) and the canonical orientation on the fiber of the line bundle (3.1) 
over f(u) via the isomorphism (|3.3[). The real orientation on {X,u, (p) specifies a homotopy class of 
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orientation/parity of 

induced by 

(E)/(H1) 

(H2)/(H3) 

Ar(TsM^,,)®A^°P(HHS; TE))-) 

KS isomorphism (1 

).21 


- 

- 

(det )® (det ds;c) 

Corollaries 5.6 anc 

5.7 


-t 

- 

klo 

N/A 

- 

+ 


Table 1: The extendability of the canonical orientations and of the parity of the number of compo¬ 
nents of S®" across the codimension-one strata: -I- extends, — flips. All other canonical orientations 
factoring into the orientation of the line bundle (1.4) extend across all codimension-one strata. 


isomorphism s (|5.5[ ) with {V, ip) = u* {TX, d(l>). The latter determines an orientation on the relative 
determinant (3.4). An isomorphism in the specihed homotopy class over a one-nodal symmetric sur¬ 


face (S, xi 2 , cr) extends to an isomorphism in the specified homotopy class for each nearby smooth 
symmetric surface. Therefore, so does the induced orientation on the relative determinant (3.4); 


see Corollary 6.7 This means that the induced orientation of the line bundle formed by the rela¬ 


tive determinants (3.4) does not change across any of the codimension-one strata of B; J)'^. 


The situation with the canonical orientation on the restriction of the line bundle (3.1) to 


provided by Proposition |5.9| on page 28 is very different. This is partly indicated by the state¬ 


ment of Proposition |6.1[ but the actual situation is even more delicate. This canonical orientation 
constructed in Proposition |5.9| is the tensor product of the four orientations listed at the end of 
Section 3.1 The line bundles on which these orientations are defined naturally extend across the 


codimension-one boundary strata of The behavior of the four orientations across these 

strata of MA4g i is described in the proof of Proposition 


6.1 


at the end of Section 


6.3 


The ori¬ 
entations 1(2)1 and (3) in Section 3.1 do not change across any of codimension-one strata. The 


orientation |(1)[ determined by the KS isomorphism (5.21) for smooth symmetric surfaces, changes 


across all codimension-one boundary strata; see Lemma 


6.17 The orientation 1(4)1 over a smooth 


symmetric surface is induced by Corollary 5.7 from the canonical real orientation of Corollary 5.6 
with L = T*Ti. The analogue of L for a one -nod al symmetric surface (Ti,xi 2 ,(t) is played by the 


restriction of the line bundle T of Lemma 


6.8 


The restriction of its real part to the singular 


component of the fixed locus is orientable for the degenerations of types (E) and (HI) and is not 


orientable for the degenerations of types (H2) and (H3); see Lemma 6.13 In the latter cases, the 


orientation |(4)| for (S,xi 2 , cr) depends on the orientation of the fixed locus; see Corollary 5.6 For 
the degenerations of types (H2) and (H3), no orientation of the singular component of the fixed 
locus extends to nearby smooth symmetric surfaces (because (H2) and (H3) involve cutting a fixed 
circle into two arcs and re-joining them in the opposite way). Therefore, the orientation |(4)| changes 
in the transitions (H2) and (H3) and does not in the transitions (E) and (HI); see Corollary |6.16[ 

The key points of the previous paragraph are summarized in Table They imply that the canon¬ 
ical orientation on the restriction of the line bundle (3.1) to MXtg^i provided by Proposition 


5.9 


does not change in the transitions (H2) and (H3) and changes in the transitions (E) and (HI). 
These transitions have the same effect on the parity of the number |(t|o of connected components 
of the fixed locus of (S,it). Thus, the canonical orientation on the restriction of (3.1) to 
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multiplied by (—l)s+klo+i over each topological component i of extends over 

all of The same considerations apply to the orientation on the restriction of the line bun- 

provided by Corollary 


die (|^ to Mg,i{X,B;J)^’‘ 
orientations of the moduli spaces Tlg^i{X, B; 


5.10 


If n^2Z, this sign modification leaves the 


for separating involutions a unchanged. 


4 Notation and review 

In this section, we set up the notation and terminology used throughout SectionsandWe recall 
some facts about symmetric surfaces, associated half-surfaces, their moduli spaces, real Cauchy- 
Riemann operators, and their determinant line bundles. 


4.1 Symmetric surfaces and half-surfaces 

Let (5],cr) be a genus g symmetric surface. We denote by |(t|o e the number of connected 
components of each of them is a circle. Let (cj) = 0 if the quotient S/u is orientable, i.e. S—S®" 
is disconnected, and {(t) = 1 otherwise. There are different topological types of orientation- 

reversing involutions a on S classified by the triples {g, (T|o,{cr)); see [32l Corollary 1.1]. 


An oriented symmetric half-surface (or simply oriented sh-surface) is a pair (S^,c) consisting of an 
oriented bordered smooth surface and an involution c: preserving each component 

and the orientation of The restriction of c to a boundary component is either the identity or 
the antipodal map 

o: 5^ —> 5^, z —> —z, (4.1) 

for a suitable identification of with cC; the latter type of boundary structure is called 

crosscap in the string theory literature. We define 

Ci = = |c|fc = |ci| =fc}| A: = 0,1. 

II, otherwise; 

Thus, |c|o is the number of standard boundary components of and |c|i is the number of 

crosscaps. Up to isomorphism, each oriented sh-surface (S^, c) is determined by the genus g of 
the number |c|o of ordinary boundary components, and the number |c|i of crosscaps. We denote 
by the genus g oriented sh-surface with \cg^rno,mi\o = mo and \cg^rno,mi\i = mi. 


An oriented sh-surface (Z^,c) of type ( 5 , mo, mi) doubles to a symmetric surface (S,cr) of type 


( 5 (S), k|o,<o-» 


( 25 r-hmo-fmi-l,mo, 0 ), 
( 25 r-hmo-fmi-l,mo, 1), 


if mi = 0 ; 
if mi 7 ^ 0 ; 


so that a restricts to c on the cutting circles (the boundary of S^); see [T5l (1.6)] and Figure]^ Since 
this doubling construction covers all topological types of orientation-reversing involutions u on S, 
for every symmetric surface (S,cr) there is an oriented sh-surface (Z^,c) which doubles to (S,cj). 
In general, the topological type of such an sh-surface is not unique. There is a topologically unique 
oriented sh-surface (S^,c) doubling to a symmetric surface (S,(t) if {(t) = 0 , in which case (Z^,c) 
has no crosscaps, or |(t|o ^^(Z) — 1 , in which case (Z^,c) is either of genus at most 1 and has no 
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Figure 3: Doubling an oriented sh-surface 


crosscaps or of genus 0 and has at most 2 crosscaps. 

Denote by the group of orientation-preserving diffeomorphisms of S commuting with the invo¬ 
lution a. If is a smooth manifold with an involution, and B e H 2 (X;Z), let 

^g^l{X,B)^’^ CZ ^g{X)^’^ X 

denote the space of real maps u : (S,(t) —> (X, (/>) with n*[S]z = B and I pairs of conjugate 
non-real marked distinct points. We define 

ng,i{X,B)‘^’^ = {^g,i{X,Bf^-xJ^)/V,. 

The action of on Jy, given by • j = h*] preserves thus, the above quotient is well-defined. 
If J^ the moduli space of marked real J-holomorphic maps in the class B e H 2 {X]Z) is the 
subspace 


Tlg^i{X,B-,J)<^’- = {[u,{zt,z^),...,{z^,z^),]]eng,i{X,B)'^’‘^: djgU = 0}, 

where djg is the usual Cauchy-Riemann operator with respect to the complex structures J on X 
and j on S. If 5 -I-/ ^ 2, 

is the moduli space of marked symmetric domains. There is a natural forgetful morphism 

f:ng,i{X,B)^’^^Mli; 

it drops the map component u from each element of the domain. 

The following example shows that the orientability of a moduli space of symmetric half-surfaces does 
not imply the orientability of the corresponding moduli space of symmetric surfaces. It indicates 
the subtle effect of diffeomorphisms of a symmetric surface (S, a) not preserving any half-surface 


in positive genus. 


and the difficulties arising in the standard approaches to the orientability problem |(A)| on page 11 
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Figure 4: Orientability of crosscaps vs. real moduli spaces 

Example 4.1. Let be an sh-surface of genus 2 with one boundary component and non-trivial 
involution, as in the left diagram of Figure]^ Its double is a symmetric surface (S,cr) of genus 4 
without a fixed locus, as in the middle diagram of Figure The moduli space ■M'^b of sh- 
surfaces is orientable by m Lemma 6.1] and |16l Lemma 2.1]. The natural automorphisms of 
■M^b associated with real orientation-reversing diffeomorphisms of are orientation-preserving by 
m Lemma 6.1] and m Corollary 2.3]. On the double S of these diffeomorphisms correspond to 
flipping the surface across the crosscap. The real moduli space AIJ parametrizing such symmetric 
surfaces S is not orientable for the following reason. By [321 Theorem 1.2], every representative of a 
point in AIJ has 5 invariant circles which separate the surface, as in the right diagram of Figure]^ 
There is a real diffeomorphism h which fixes 3 of these circles and interchanges the other 2. By 
|16l Corollary 2.2], the mapping torus of h defines a loop in which pairs non-trivially with the 
first Stiefel-Whitney class of the moduli space. 

For our purposes, it is sufficient to assume that the action of Da on (the relevant subspace of) 
has no fixed points. This happens if sufficiently many marked points are added 
to S. This can also be achieved by working with Prym structures on Riemann surfaces; see |29) . 
This assumption ensures that Tlg^i{X, B] is a manifold if cut out transversely. If g+2l^A, the 
subspace of consisting of marked curves with non-trivial automorphisms is of codimension 
at least 2, and so Tlg^i{X, B; is a manifold outside of subspaces of codimension 2 if cut out 
transversely. 

4.2 Determinant line bundles 

Let (V,(p) be a real bundle pair over a symmetric surface (S,(j). A real Cauchy-Riemann (or CR-) 
operator on (R, ip) is a linear map of the form 

Zl = d+A:F(S;R)^={^er(S;R): = 

^F°’'(S;R)‘^ = {Cer(S;(T*S,j)0’i®c^): C^du = y.oC}, 

where d is the holomorphic d-operator for some j e and a holomorphic structure in V and 

A 6 F(S; HomM(R, (T*E,j)^’^^cV)r 
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is a zeroth-order deformation term. A real CR-operator on a real bundle pair is Fredholm in the 
appropriate completions. 


If X,Y are Banach spaces and D : X—>Y is a Fredholm operator, let 

detZ) = Aj^^(kerF>) 0 (A^'’(cokiZ))* 

denote the determinant line of D. A continuous family of such Fredholm operators Dt over a 
topological space Ti determines a line bundle over Ti, called the determinant line bundle of {Dt} 
and denoted det D; see m Section A.2] and [IB] for a construction. A short exact sequence of 
Fredholm operators 

0 -» X' -» A -» X" -» 0 


D' 


D 


0 


Y' 


Y 


D" 
Y" - 


determines a canonical isomorphism 

det D ^ (det D') 0 (det D"). 


(4.3) 


For a continuous family of short exact sequences of Fredholm operators, the isomorphisms (4.3) 
give rise to a canonical isomorphism between determinant line bundles. 


Families of real CR-operators often arise by pulling back data from a target manifold by smooth 
maps as follows. Suppose (A, J, (p) is an almost complex manifold with an anti-complex involution 
and (R, ip) is a real bundle pair over (A, (p). Let V be a (^-compatible connection in V and 

A 6 r(A; HomM(R, (T*X, J)^’^ 0cR))‘". 

For any real map u: (B, cr) —> (A, (p) and jeZTJ, let V“ denote the induced connection in u*V and 

= Aodjue r(B; HomM(n*R, (T*B, j)0’i 0c u*V))"*^. 


The homomorphisms 




+ i o V“ o j), + Ayy : r(E; u’V) 


u^ip 




are real CR-operators on u*{V,ip) — >(B,(t) that form families of real CR-operators over families 
of maps. If and ReZZ 2 (Ai; Z), let 

det ^ ^g^i{X, B)^’^ X 

denote the determinant line bundle of such a family. It descends to a fibration 

det D^y^^)^ng,i{X,B)^’^, 

which is a line bundle over the open subspace of the base consisting of marked maps with no 
non-trivial automorphisms. 
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Example 4.2. Let iV, ip) = (C, c); this is a real bundle over (pt, id). If g+l ^ 2, the induced family 
of operators dc = on defines a line bundle 

det dc —>■ . 

If (X, (/>) is an almost complex manifold with anti-complex involution cj) and 

(F,yp) = (XxC,</)xc)^(X,</.), 
then there is a canonical isomorphism 

det L>(c,c) f (det dc) 


of line bundles over 'Hg^i{X, 


5 Real orientations on real bundle pairs 


The main stepping stone in our proof of Theorem |1.3| for the uncompactified moduli space 




is Proposition |5.2| below. By Corollary 5.7 of this proposition, a real orientation on a rank n 
real bundle pair (y,p) over a symmetric surface (S,c7) determines an orientation on the relative 
determinant 

\<S)n 


det D = (det D) 0 (det ds;c) 


(5.1) 


for every real CR-operator D on (P, p), where dj];C is the standard real CR-operator on (S, a) with 
values in (C, c). 


Definition 5.1. Let {X,(j)) be a topological space with an involution and {V,p) be a real bundle 
pair over (X,(p). A real orientation on {V,p) consists of 

(ROl) a rank 1 real bundle pair (L, (j)) over (X, 4>) such that 

W 2 {V^) = and A^°'^{V,p) ^ (5.2) 


(R02) 

(R03) 


a homotopy class of isomorphisms of real bundle pairs in (5.2), and 


a spin structure on the real vector bundle R‘^©2(L*)‘^* over X'^ compatible with the ori¬ 


entation induced by (R02) 


An isomorphism 0 in (5.2) restricts to an isomorphism 


^ ( L ^)®2 


(5.3) 


of real line bundles over X^. Since the vector bundles (L*^)®^ and 2[L*)^* are canonically oriented, 
0 determines orientations on and . We will call them the orientations determined 
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by (RQ2)| if 0 lies in the chosen homotopy class. An isomorphism 0 in (5.2) also induces an 
isomorphism 


(^©2^") ^ A*c°P(F, ip) 0 (L% 

^ ^ (SxC,(txc), 


(5.4) 


where the last isomorphism is the canonical pairing. We will call the homotopy class of isomor¬ 
phisms (5.4) induced by the isomorphisms 0 in|(R02) the homotopy class determined by (R02) 


Proposition 5.2. Suppose (S,cr) is a symmetric surface and {V,p) is a rank n real bundle pair 
over (S,cr). A real orientation on {V,p) as in Definition 5.1 determines a homotopy class of 
isomorphisms 

{V®2L*,ipe2fi*) ^ (SxC^+2,ctxc) (5.5) 

of real bundle pairs over (S,fT). An isomorphism 4^ belongs to this homotopy class if and only if 
the restriction of ^ to the real locus induces the chosen spin structure (R03) and the isomorphism 

A^°'^{V®2L*,p®2fi*) —> AJ?p(S x C”+2, a x c) = (SxC,fTXc) (5.6) 


lies in the homotopy class determined by (R02) 


This proposition is proved in Section [5. 2| after some topological preliminaries concerning symmetric 


functions on symmetric surfaces are established in Section 5.1 Proposition 5.2 is applied to the 
orient ability problem] (A) | on page 11 in Section 5.3 


5.1 Homotopies of functions from symmetric surfaces 

Let (S,(t) be a symmetric surface. For any Lie group G with a natural conjugation, such as C*, 
SL„C, or GL„C, denote by C(S,cr;G) the topological group of continuous maps /: S— >G such 
that f{a{z)) = f{z) for all zbTj. The restrictions of such functions to the fixed locus take 

values in the real locus of G, i.e. M*, SL„M, and GL^M, in the three examples. 


Lemma 5.3. Let (S, a) be a symmetric surface with fixed components S'C, ..., and neZ"^. For 
every i = 1,... ,m and continuous map : Tjf —> GL„]R, there exists /e C(S, a; GL„C) such that 
/|s^ = V’ f is the identity outside of an arbitrarily small neighborhood of Yif. The same 
statement holds with GL„M and GL„C replaced by SL^M and SL„C, respectively. 


Proof. Let x (—2, 2) —> S be a parametrization of a neighborhood U of Tf such that x 0 

corresponds to and 

a{e,t) = {e,-t) \/{0,t)eS^x{-2,2). 

Since the inclusion GL„M —> GL„C induces trivial homomorphisms from vri of either component 
of GL„]R to 7ri(GL„C), we can homotope to the identity-valued constant map through maps 
ht: —>GL„C. We dehne / on U by 




^hfiO), iff 6 [0,1]; 

< In, iff 6 [1,2); 
hIM, iff 6 (-2,0]; 


and extend it as the identity-valued constant map over Ti — U. The same argument applies with 
GL„M and GL„C replaced by SL^M and SL^C, respectively. □ 
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Figure 5: The paths Ci,..., 6*4 cut to a disk. 


Lemma 5.4. Suppose (S,(t) is a symmetric surface, neZ~^, and /eC(S, cr; SL„C). If 

/Is-: 

is homotopic to a constant map, then f is homotopic to the constant map Id through maps 
/teC(S,cT;SL„C). 

Proof. Let (S^,c) be an oriented sh-surface which doubles to (S,cr). By assumption, 

is homotopic to Id through maps /teC((5S^)j, a; SL^C) on each boundary component {dTP)i of 
with |ci| =0. Since f eCiTj, ct; SL„C), this is also the case for /|( 5 s*>)i each boundary component 
{dT}’)i of with |ci| = 1; see [HI Lemma 2.4], 


A homotopy ft as above extends over as follows. Suppose /o = /|as'> /i =Id. Let 1 = [0,1] 
and (dS^) x I —> 1/ be a parametrization of a (closed) neighborhood U of with coordi¬ 

nates {w,s). Dehne 


Gt:TP —. SL„C 


^ [in, ifz6S^-[/. 


eU ^ (as^)xl; 


Since Gt{w, 1) =/„ for all t, this map is continuous. Moreover, Go{z) =In for all and 

Gt{w,0) = ftiw) ■ f~^{w) 

is a homotopy between Id and f~^. Thus, Ht = Gt ■ f is a homotopy over extending ft. 


By the previous paragraph, we may assume that / is the constant map Id on Choose embedded 
non-intersecting paths {Gi} in with endpoints on which cut into a disk D^; see Figure]^ 
The restriction of / to each Gt dehnes an element of 

7ri(SL„C,/n) :^7ri(SUn,/„) =0. 
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Thus, we can homotope / to Id over Ci while keeping it fixed at the endpoints. Similarly to the 
previous paragraph, this homotopy extends over without changing / over dTP or over Cj for 
any Cj ¥=Ci. Thus, we may assume that / is the constant map Id over the boundary of D^. Since 

7r2(SUC,/n) ^7r2(SUn,/„) =0, 

the map / : —> (SL„C, /„) can be homotoped to Id as a relative map. Doubling such a 

homotopy ft by the requirement that ft{a{z)) = ft{z) for all zeS, we obtain the desired homotopy 
from / to Id over all of S. □ 

Corollary 5.5. Let (S,cj) be a symmetric surface and 

{V,ip) —» (SxC”,(TXc) 

be isomorphisms of real bundle pairs over (S,cj). If the isomorphisms 

» ExM^, 

(5 7') 

: A*c°P(F, ip) —» A^°P (S X CJ X c) = (S X C, a X c) 
are homotopic, then so are the isomorphisms and dJ. 

Proof. Let /eC(S,cj;C*) be given by 

A^°P$ = / Ag^ : A^°P(y, if) —. (S X C, CJ X c). 

Since the second pair of isomorphisms in ( |5.7[ ) are homotopic, there exists a path e C(S, cj; C*) 
such that /o = 1 and fi = f. Let 


{V,ip) —» (ExC”,(jxc) 

be the composition of 'L with the real bundle map 


(ExC”,cJxc) —^ (ExC’",cJxc), {z,v) 


( ftiz) 0 

0 1 

V 0 ... 


... 0 \ 

... 0 

0 

0 1 / 


V. 


(5.8) 


Thus, 'I'j = 'I'jj is homotopic to 'L and A^'’<h = A^^'I'j. 

Let FeC(S, cj; GL„C) be given by 

dJ(u) = {idXF(7r(c;))}(<I>(u)) V veV, 

where vr : V —> S is the projection map. By the previous paragraph, we can assume that 
FeC(S, cj; SL^C). Since the first pair of isomorphisms in (5.7) are homotopic, 

F\^. : Ef ^ SL„M 


is homotopically trivial for every component E^ c E'^ of the fixed locus. By Lemma 5.4 F is 
thus homotopic to the constant map Id through elements T)eC(E, cj; SL„C). This establishes the 
claim. □ 
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5.2 Isomorphisms induced by real orientations 


We now apply Lemma |5.3| and Corollary 5.5 to establish Proposition 5.2 We then deduce some 
corollaries from this proposition. 


Proof of Proposition \5.2^ Let Sf,... c be the connected components of the hxed l ocus . 

Since ci(P©2L*) =0 and the vector bundle is orientable, an isomorphism 'L as in (5.5) 

exists; see [3l Propositions 4.1,4.2]. For each i = 1,..., m, choose 'ipi: —> GL„+ 2 M so that the 
composition of the restriction of 'L to (P‘^©2(L*)'^*)|s? with the isomorphism 

Sf X ^ Sf X M”+2, (z, v) — ^ (z, 'll^i{z)v) , 

induces the chosen orientation and spin structure on (P‘^©2(L*)'^*)|s':". Let /* : S —> GL„+ 2 C 
be a continuous map as in Lemma 5.3 corresponding to {i,'ijji). The composition of the original 
isomorphism T with the real map 


(S X C”+2, CT X c) —^ (S X C"+2, U X c) , {z, v) 

is again an isomorphism of real bundle pairs as in (|5.5|). 


{z,fl{z). . .fm{z)v), 


By the previous paragraph, there exists an isomorphism T as in (5.5) that induces the chosen 
orientation and spin structure on . It determines an isomorphism 

AcP(P©2L^(/p©2^*) ^ AcP(SxC”+2,cjxc) = (SxC,uxc) 


and thus an isomorphism AJ?^'I/ as in (5.6). If '0 is the isomorphism in (5.6) determined by an 


isomorphism in (5.2) from the chosen homotopy class (R02), then 


(5.9) 


for some /6C(S, cr; C*). Let 


T/: {V®2L*,ip®2$*) ^ (SxC’"+^axc) 


be dehned as in (5.8). By (5.9), A^’^Tj = ijj. Since T and V’ induce the same orientations on 
P‘^©2(L*)^*, >0. Thus, Tj induces the same orientation and spin structure on V‘^®2{L*)^* 

as T. 


We conclude that there exists an isomorphism T as in (5.5) inducing the chosen orientation and 


spin structure on 1/‘^©2(L*)'^* so that the isomorphism A^’’T lies in the homotopy class of the 


isomorphisms (5.4) determined by (R02) By Gorollary 5.5 any two such isomorphisms are ho¬ 
motopic. □ 

Corollary 5.6. Suppose (B,(t) is a symmetric surfaee and {L,(p )— >(E,cj) is a rank 1 real bundle 
pair. is orientable, there exists a canonical homotopy class of isomorphisms 

{L®^e2L*,^®^e2^*) ^ (SxC^axc) (5.10) 

of real bundle pairs over (S,(t). In general, an orientation of each component ofYT such that 
is non-orientable determines a canonical homotopy class of isomorphisms p.Rl); changing 
an orientation of such a component Ef changes the induced spin structure, but not the orientation. 


of the real part of LHS in (5.10) over 
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Proof. The line bundle is can onic ally oriented and thus has a canonical homotopy class of 

trivializations. We a pply Proposition 5.2 with {V, ip) = (L, (/>)®^. There is then a canonical choice of 
isomorphism in (5.2). It induces the canonical orientations on the real parts of 2(L*, f)*) or of LHS 
in (5.10). If L'f’ is orientable, an orientation on determines a homotopy class of triyializations 
of the real part of LHS in (5.10). The resulting spin structure is independent of the choice of the 
orientation. 

If the restriction of to a component si of the fixed locus c E is not orientable, then 
is isomorphic to the tautological line bundle 

7 = !(£, (x,y))eMP^ xM^: (x,y) 

Combining this isomorphism with the triyialization 

7©7—(£, (xi,yi),(x2,y2))- 
we obtain an isomorphism 


{(■,{xi-y2,X2+yi)), 


2{Ly 


^xM^. 


(5.11) 

(5.12) 


(5.13) 


It induces the canonical orientation on the domain. The homotopy class of the isomorphism (5.12) 

does not depend on the choice of isomorphism of (L*)'^*|s? with 7, once an identification of E^ 
-| * 
with MP is fixed. Howeyer, it does depend on the orientation class of this identification eyen after 

stabilization by the triyial line bundle, as shown in the next paragraph. 

A bundle isomorphism 7—>7 coyering an orientation-reyersing map MP^—>]RP^ is giyen by 

7— *1, (a;,y)) —^ ([«,-y))- 

The composition of this isomorphism with the isomorphism ( |5.11 ) is the isomorphism 
7©7 —>MP^xM 2^ (£, (xi,yi),(x2,y2)) —> {^,{xi + y2,X2-yi)) 

Under the standard identihcation of with C, MP^ can be parametrized as 

5I—»Mpi, —»[e‘®/2]. 

Under this identification, the isomorphisms ( |5.11 ) and ( |5.13| ) are giyen by 

(e'^ ae‘®/2^ 6e‘®/2) —> V a,6eM, 

(e'®, ae'®/^, 6e‘®/^) —> (e'®, e“'®/^(a+i6)) V a,beR, 

respectiyely. They differ by the map 

—> GLsM, 


Ad 


-W 


Since this map generates 7ri(GL2M), the triyializations of ^)®7 in (5.11) and (5.13) are not homotopy 
equiyalent, eyen after stabilization by the triyial line bundle. □ 
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Corollary 5.7. Suppose (S,(j) is a symmetric surface and D is a real CR-operator on a rank n 


real bundle pair {V, y?) over (S, a). Then a real orientat ion on (V, (p) as in Definition 5.1 induces an 
orientation on the relative determinant det D of D in (5.1). Changing a real orientation on iy,p) 
by changing the spin structure in (R03)\ over one component Tif of S®" reverses the orientation 
on det D. 


Proof. By (4.3), there is a canonical isomorphism 
det D, 


v®2 


'{V®2L*,ipQ2(>*) ^ ® ^ {L* ,(}*)) ’ 

where the subscripts indicate the real bundle pair associated with the corresponding real CR- 
operator. Since the last line above is canonically oriented, so is the line 


(det-D(y(^)) 0 (det • 


(5.14) 


By Proposition 5.2 a real orientation on (P, p) determines an orientation on the line 

(detAy02L*,w®2(i*)) ® 


Combining this with the canonical orientation of the line (5.14), we obtain an orientation on det D 


By Proposition 


5.2 


the identity automorphism of and a spin structure on 

determine a homotopy class of isomorphisms 

(SxC'^+^fjxc) — > (SxC”+2^(txc) 


of real bundle pairs over and thus a homotopy class of isomorphisms 

(det5E;c)®^"’'^^^ = det(n5s;c) —> det(n5s;c) = (det 


(5.15) 


(5.16) 


For the purposes of the last claim of this corollary, it is sufficient to check that the last isomor¬ 
phisms are orientation-reversing for the spin structure on which is the canonical one over 

all components of with the exception of T,!. Let [/<= S be a closed tubular neighborhood of Jlf 
disjoint from E®" —Pinching each of the two components of dU, we obtain a nodal symmet¬ 
ric surface (Eo,cro) consisting of (P^,t) and a smooth symmetric, possibly disconnected, surface 


(E',cj') which share a pair of conjugate points. The isomorphisms in (5.16) over (E,(t) induced by 


a spin structure on are orientation-preserving if and only if this is the case for the isomor¬ 


phisms in (5.16) over (Eg, (Jo) induced by this spin structure. The latter correspond to the tensor 
products of isomorphisms over {T,',a') and (P^,t). These isomorphisms are orientation-preserving 
over (E',cr') if the spin structure is trivial over E'^ —E^, as this is the case for the isomorphism in¬ 
duced by T = id in (5.15). By m Proposition 8.1.7], these isomorphisms are orientation-reversing 
over (P^,r) if the spin structure is non-trivial over E^. Thus, the isomorphisms on the tensor 
product of the determinant lines over (E',cr') and (P^,t) are orientation-reversing under these two 
assumptions on the spin structure. □ 

Corollary 5.8. Suppose (X, J, (f) is an almost complex manifold with an anti-complex involution 
and {y,p) is a rank n real bundle pair over [X,(fi). Let B e H 2 {X-,X), gfieJX^, and (E,(t) be 


a genus g symmetric surface. Then a real orientation on i(V,p) as in Definition 5.1 induces an 
orientation on the line bundle 


detZl(y^) = (detT»(y,^)) 0 (det 5c)®" ^ {ng^X, xj, 


/Vn 


(5.17) 
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Proof. By Corollary 5.7 applied with the real bundle pairs u*{V, cp) and u*{L, (f) over (S, a), a real 
orientation on (V, ip) determines an orientation on the fiber of the line bundle 


(det Z)(y,^)) 0 (det ^ ng,i{X, x 

over each point (rt,j) which varies continuously with Since the resulting orientation on 

this line bundle is completely determined by the chosen real orientation on (C, (p) via the isomor¬ 
phisms (5.5), it descends to the quotient (5.17). □ 


5.3 The orientability of uncompactified moduli spaces 

We will now apply Proposition |5.2| to study the orientability of the uncompactified real moduli 


of Theorem 


1.3 


spaces in T heor em 1.3 We first consider the case X = pt and then use it to establish the restriction 
to the main stratum Tlgj{X, B; J)'^ of Wlg^i{X, B] J)*^. 


Proposition 5.9. Let g,l e he such that g + l ^2. For every genus g type a of orientation- 
reversing involutions, the line bundle 




(5.18) 


is canonically oriented. The interchanges of pairs of conjugate points and the forgetful morphisms 
preserve this orientation; the interchange of the points within a conjugate pair reverses this orien¬ 
tation. 


Proof. It is sufficient to orient the line bundle (5.18) outside of a codimension two locus in Xi^i- 
The subspace of i consisting of marked curves with non-trivial automorphisms is of codimen¬ 
sion at least two if g( ^4 or / ^ 2. Throughout the main part of this argument, Xigi refers to its 
open subspace consisting of automorphism-free curves. Alternatively, can be replaced by a 

manifold cover consisting of automorphism-free decorated marked curves (e.g. with Prym struc¬ 


tures). Since the line bundle (5.18) is canonically oriented over each point of such a covering, the 
resulting orientation descends to this line bundle over Xigi- 

Let T —*^gi denote the vertical tangent bundle over the universal curve for Xtgi, 

[C] = ,zfeMg^i, (5.19) 

TC = TT{-z^-zf-...-z+-zf), T*C = T*^{z^ + zf +... +z++ z^). 

We denote by SC+ and SC~ the skyscraper sheaves over S given by 

sc-. , 

The projection 

vri: H^{T-SC^^SC-y = ,SC+)©#°(E; SC^Y —» #°(S; 5C+) (5.20) 

is an isomorphism of real vector spaces. We orient iL®(S; SC'^QiSC^y and its dual via the isomor¬ 
phism 

vr^; #°(E;5C+)* = T^+E©.. .©T^+S ^ {H^y:-SC+®SC-yY 
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from the complex orientations of T +S,... ,T +S. 

The Kodaira-Spencer (or KS) map and the Dolbeault isomorphism provide canonical isomorphisms 

T[c]Mli ^ H\^-,TCr ^ H\'L-TCr-, (5.21) 

see [28l Section 3.1.2] and [23l pl51]. By Serre Duality (or SD), there is a canonical isomorphism 

H^{^;TC) ^ (i/°(S;r*C®r*S))*; 

see [23l pl53]. Since a is orientation-reversing, the real part of the SD pairing identifies the space 
of invariant sections on one side with the space of anti-invariant sections on the other; the latter 
is isomorphic to the space of invariant sections by multiplication by i. Thus, there is a canonical 
isomorphism 

^ (i/°(S;r*c®r*s)'")*. (5.22) 

Since the degree of the holomorphic line bundle TC is negative, 

A;°P(i/O(S;T*C0T*S)'^) = det daD®(T*E,d.D- 

The long exact sequence in cohomology for the sequence 

0 —> —> T*C(S)T*T, —> s'c+esc" —> o (5.23) 

and the chosen orientation on SC'^(BSC~Y induce an orientation on the line 

det 5('r*c,do-*)®(r*s,do-*) ® det d( 7 ’*s,do-*)® 2 . (5-24) 

Thus, the real line bundle 

(TMg i) 0 (det 5(7-=!= do.=i=)® 2 ) > (5.25) 


is canonically oriented. 

applied with {L, (j)) = (T*S, du*), there is a canonical homotopy class of isomor- 


By Corollary 
phisms 


5.6 


(r*S®202TS,(dfT*)®202dcT) ^ (SXC^(TXC) 


of real bundle pairs over (S,fT). Since the determinants of 5-operators on the real bundle pairs 
2(rS,dcr) and 2 (SxC^,itxc) are canonically oriented, so is the line bundle 


(det5(7-*_dcr*)®2) ® (det 5c) —>■ 


(5.26) 


Combining this orientation with the canonical orientation for the line bundle (5.25), we obtain an 
orientation on the line bundle (5.18). 

Since the interchanges of pairs of conjugate points and the forgetful morphisms preserve the orienta¬ 
tion of (5.20), they also preserve the orientation on (5.18) constructed above. Since the interchange 
of the points within a conjugate pair reverses the orientation of (5.20), it also reverses the orienta¬ 
tion on (|5.18|). □ 
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Corollary 5.10. Theorem 1.3 holds with Tlg^i{X, B; .J)^ replaced by Tlg^i{X, B; for every 


genus g orientation-reversing involution a. 

Proof. We first assume that g + l^2 as in Proposition |5.9[ The forgetful morphism f induces a 
canonical isomorphism 

h^^^{Tmig^i{X,B;J)^^^) ^ (detZl(rx,d0)) ®f ^ (5.27) 

of real line bundles. By Corollary |5.8| applied with (P, ip) = {TX, dcf), a real orientation on {X, oj, 4>) 
determines an orientation on 


detD^TX,d<P) = (detIl(TX,d<^)) ® (detdc)®” ^ {ng,i{X,B)^’^ xJ^)/D, 


(5.28) 


Combining the canonical isomorphism ( 5.27[ ), the canonical orientation of ( 5.18[ ), and the orienta¬ 
tion of (5.28) determined by the chosen real orientation on {X,uj,(j)), we obtain an orientation on 


the line bundle (1.4) over Wlg^i(X, B; J)'^’'^. 


If g + l<2, we orient the line bundle 0 via the forgetful morphism 

mg,i+2{X, B; J)-^’- ^ mg,i{X, B- J)-^’- 


(5.29) 


from the orientation of (1.4) with I replaced by I 


obtained from the complex orientations of T + S and T + S. 

^l + l ^1 + 2 


2 and the orientation of the hbers of (5.29) 
If the fixed locus S 


of (S,(t) is 

separating, the hbers of (5.29) are disconnected and differ by the interchanges of the points within 


each of the last two pairs of conjugate points separately. However, the induced orientation on (1.4) 


is still well-dehned for the following reason. By Proposition 5.9, the interchange of the points 


within a conjugate pair reverses the orientation on the line bundle (5.18) with I replaced hy 1 + 2 
and thus on the line bundle (1.4) with I replaced by 1 + 2. In the case of the last two pairs of 


conjugate points, such an interchange also reverses the orientation of the hbers of (5.29). Thus, it 
has no effect on the induced orientation on (1.4). □ 


Proposition 5.9 is also obtained in [H]; see Corollaires 1.2 and 1.1, Proposition 1.4, and Lemmes 1.3 


and 1.4 in [6]. A version of Corollary 5.10 for certain covers of the uncompactihed moduli spaces 
9JIg^i(A, H; J)‘^’°' appears in [B] as well. The orientability of these covers is obtained in in 


a subset of cases for which Corollary 5.10 implies the orientability of the spaces 971^^;(A, H; J)*^’' 


themselves (while Theorem 1.3 also yields the orientability of their compactihcations). For example, 
let denote a hypersurface of degree deZ^ preserved by r^. Corollary 

Tlg^i{Xn-Si B] is orientable if 


5.10 


implies that 


(5 = 0,1 mod 4 


and 


5 = n mod 2. 


With the second condition strengthened to J = n mod 4, this conclusion is obtained in [HI Corol- 
laire 2.4] under the additional assumption that is a single circle. If consists of more than 
one circle, [HI Corollaire 2.4] shows that this conclusion holds after pulling back to a cover of 
97Ig,i(^n;<5, B; J)'^’'^. The orientability of the compactified moduli spaces of real maps necessary for 
defining real GW-invariants is not considered in [Hj. 


A canonical orientation on the real line det D in Corollary 


5.7 


under overlapping topological as¬ 
sumptions is obtained in [H] using a completely different approach. We obtain it as an immediate 
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consequence of the existence of a canonical homotopy class of isomorphisms for the corresponding 
real bundle pairs. The argument of [S] is heavily analytic in nature and is based on explicit sign 
computations for certain automorphisms of determinant line bundles in [5]. In contrast, our proof 
is completely topological; the proofs of the two statements from [8] and [3] cited in the proofs of 


Lemma 5.4 and Proposition 5.2, respectively, are also topological and take up only a few pages in 
total. This approach allows us to study the extendability of the canonical orientations of Corol¬ 


lary 5.10 across the codimension-one boundary strata of the moduli spaces on the topological level 
of real bundle pairs; see Section 


6 Extensions over compactifications 

In this section, we study the extendability of the canonical isomorphisms and orientations of Sec¬ 
tion [^across paths passing through one-nodal symmetric surfaces. Proposition |6.1| below implies 
that the line bundle (3.1) is orientable. This is a key technical result needed to extend the proof 
of Corollary 5.10 to the compactified setting of Theorem 1.3 We deduce this proposition from the 


proof of Proposition 5.9 and the statements of Corollary 6.16 and Lemma 6.17 

Proposition 6.1. Let g,l e be such that g+l^2. The orientation on the restriction of the real 


line bundle (3.1) to provided by Proposition 5.9 flips across the codimension-one boundary 

strata of types (E) and (HI) and extends across the codimension-one boundary strata of types (H2) 
and (H3). 

6.1 One-nodal symmetric snrfaces 

A one-nodal oriented surface S is a topological space obtained by identifying two distinct points 
of a closed oriented smooth surface S, not necessarily connected. The surface S is called the 
normalization of S; it is unique up to a diffeomorphism preserving the two distinct points as a 
set. A one-nodal symmetric surface (S,(t) is a connected one-nodal surface S with an involution a 
induced by an orientation-reversing involution a on the normalization S of S. Throughout this 
section, we will denote the two distinguished points of S by xi and X 2 and their image in S, i.e. the 
node, by xi 2 . The four topological possibilities for the singular structure of are described 


by (E)-(H3) in Section 3.2, Note that 


a{xi) = 



if (S, a) is of type (E); 
if (S, a) is of type (H). 


Let a'{xi) = X 2 and aflx 2 ) =xi. 


We begin by extending the main statements of Sections 5.1 and 5.2 to one-nodal symmetric surfaces. 
In particular, we observe that Proposition 5.2 extends to such surfaces. In [21], we show that 


Proposition 5.2 actually extends to all nodal symmetric surfaces. 


Proposition 6.2. The conclusion of Proposition \57^ holds for one-nodal symmetric surfaces. 
Lemma 6.3. The conclusion of Lemma\5.4\ holds for one-nodal symmetric surfaces. 


Proof. Let / e C(S, a; SL„C) be the function corresponding to / e C(S, ct; SL„C). In particular, 
f{xi)=f{x 2 )- 
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Suppose (S,(t) is of type (E). Proceeding as in the proof of Lemma 5.4, choose S” and U so that 
xieTP—U, the cutting paths Ci so that xi^Ci, and the extensions of the homotopies of / from Ci 
to so that they do not change f at xi. Choose an embedded path 7 in the disk in the last 
paragraph of the proof of Lemma 5.4 from xi to dD^. Since f{xi) e SL„M in this case, we can 
homotope / to Id over 7 while keeping the values of / at xi and at the other endpoint in SL„M and 


at Id, respectively. Similarly to the second paragraph in the proof of Lemma 5.4, this homotopy 
extends over without changing / over dD^ and thus descends to We then cut along 7 


into another disk and proceed as in the second half of the last paragraph in the proof of Lemma 5.4 
The doubled homotopy then satisfies ftixi) = ft{x 2 ) and so descends to S. 


If (S, a) is of type (H), then 


/: J (dS' 

|ci|=0 


SL, 


is homotopic to Id through maps ft such that ft{xi) = ft{x 2 )- The remainder of the proof of 


□ 


Lemma 5.4 preserves this condition on the homotopy. 

Corollary 6.4. The conclusion of Corollary \5.5\ holds for one-nodal symmetric surfaces. 

Proof. The first paragraph of the proof of Corollary |5.5| applies without any changes. The second 


paragraph applies with Lemma 5.4 replaced by Lemma 6.3 


□ 


Lemma 6.5. Let (E, i) be a finite-dimensional complex vector space and A,B:V —> V be 
C-antilinear isomorphisms such that = Idy. Then there exists a C-linear isomorphism 

ip-.V—>V such that ft = AoiltoB. If 


{ArA}o{A^"-B} . {ArB}o{A^”-A}: A^"-y — A^-’F. 

then ft can be chosen so that Aj?'’V' = Id. 


( 6 . 1 ) 


Proof. Since A^,B^ =Idy, the isomorphisms A, B are diagonalizable with all eigenvalues +1. Since 
A,B are C-antilinear, we can choose C-bases {vi} and {wi} for V such that 

A{vi) = Vi, A{ivi) = -ivi, B{wi) = Wi, B{iwi) = -iwi. 

The C-linear isomorphism ft: V—>V defined by f){wi) = Vi then has the first desired property. 

The automorphisms and are C-antilinear and have one eigenvalue of -1-1 and one 

of —1. If (6.1) holds, the eigenspaces of A^'^A and are the same and so 


Ac.. .Acfn = r ■ rciAc.. .AcWn e A^°PE 

for some reM*. Replacing wi by rwi in the previous paragraph, we obtain an isomorphism ft that 
also satisfies the second property. □ 


Proof of Proposition 6.2 Let V,L —>S be complex vector bundles and 


V'l: El 




E 


13:2 


and 


ft2-. L 


Xi 


L\ 


\X2 
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be isomorphisms of complex vector spaces such that 

y = F/~, V^ vsV\^^, and L = Lj-^^ u~'i/) 2 (u) VueL|^^. 

Denote by and ^2 the lift of to 1^ and the lift of cj) to L, respectively. Define 

= (y©2Z^^l©2^*), V’12 = V^i©2(V'2"')=^:^^L^^W^L,. 

Thus, (y, ^ 1 ) and (L,^ 2 ) are real bundle pairs over (S,a) that descend to the real bundle pairs 
iy,^) and (T, 0) over Furthermore, 


V'i 2 (w) 


1^12^12 {9i2{v))), if (S, cr) is of type (E); 
Zi 2 (V’i 2 (Zi 2 (t’))), if (E,ct) is of type (H); 


( 6 . 2 ) 


\Xl 


for all u6 bF| 

For any /6 C(S, ct; GL„+ 2 C)) let 


T/: (SxC”+2,uxc) —» (SxC’^+2,?xc), ^f{z,v) = {zj{z)v). 


The choices 


thus exists an isomorphism 


(R02) and (R03) 


in Definition 


$: (VF, ^ 12 ) 


5.1 


for (S,cr) lift to (S,?). By Proposition 
. (SxC’"+ 2 ,axc) 


5.2 


there 


of real bundle pairs over (S,?) that li es in the homotopy class determined by the lifted real 


orie ntat ion. By the proof of Proposition 5.2, $ can be chosen so that it i nduc es the isomorphism 


in (5.6) over (S,ct) determined by the lift of a given isomorphism in (5.2) over (S,(t). This 
implies that 


{u'xId}o{A^“P$} = {A^°p5}o{AJ?p^i2}: {X 2 } x A*c°pC"+2 ^{X 2 } xC. 

We show below that there exists /6C(S,cj; SL„+ 2 C) so that 

{a xId}o$^o$ = ^f0^oil;i2-Wy -» {x2}xC”+^ 


(6.3) 


(6.4) 


Thus, ^ fo^ descends to an isomorphism 'h in (5.5) of real bundle pairs over (S, a) that induces the 
isomorphism in (5.6) determined by a given isomorphism in (5.2). Furthermore, / can be chosen 
so that 'h satisfies the spin structure requirement of Proposition 5.2 By Corollary 6.4, any two 
isomorphisms (5.5) satisfying the conditions at the end of Proposition 5.2 are homotopic. 


Suppose (F,cr) is of type (F). By (6.2), the C-antilinear isomorphisms 

idx c, {ctx c}o<ho' 0 i 2 o<h"^ = <l)o^i 20 'i/)i 2 o 4 >“^: {xi} x —> {xi} x 


square to the identity. By ( |6.3[ ), the top exterior powers of these automorphisms commute (both 

(6.5) 


compositions are the identity). By Lemma 6.5, there thus exists ipeShn+ 2 C such that 
idx Ip = {ctx cV’c}o<ho'(/;i20<l>~^: {xi} x —> {a^i} x 
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Since SL„+ 2 C is connected, there exist / e C(S, SL„+ 2 C) and a neighborhood U of xi in S 
such that 

ifj, if z = xi; 

Id, if f7ua(C/); 


fiz) = 


Una{U) = 0. 


( 6 . 6 ) 


By (6.5) and (6.6), / satisfies (6.4). Since / restricts to the identity over 4'/o4) induces the 
same orientation and spin structure over —{X 12 } as 4>. The orientation and spin conditions are 


automatically satisfied over X 12 , since they are determined by the real part of the isomorphism (5.6). 

If is of type (H), define 'ipeGLn+ 2 C by 

idx'ijj = {a' X Id}o4>o'i/)i20<h“^ : {xi} x —> {xi} x . (6.7) 


By (6.2) and (6.3), -ipoc =coi/) and detcV' = l) he- V'eSL„+ 2 l^- If (51, tr) is of type (H2) or (H3), 


i.e. xi and X 2 lie on different topological components S 2 of E'^, let 

— SW2M 


( 6 . 8 ) 



so that the induced trivialization on each of the two loops in EJ lies in the chosen spin structure; 
we then replace with Returning to the general {H) case, choose /6 C(E, ct; SL„+ 2 C) and a 
neighborhood U of S'[ in S such that 


fiz) = 


V’, if ze EJ; 
Id, iiz^U] 


17n(S^-Ef) = 0; 


(6.9) 


this is possible by Lemma 5.3 By (6.7) and (6.9), T satisfies (6.4). Since / restricts to the identity 


over E'^—EJ, Tjod) induces the same orientation and spin structure over E^ as 4>. If (E,cj) is 
of type (H2) or (H3), the latter is also the case over E^ because / is constant over Ef. If (E,(t) is 
of type (HI), the orientation and spin structure structure induced by over EJ are those of 

the original real orientation by the choice of ip above. □ 


Corollary 6.6. The first conclusion of Corollary 5.1 holds for one-nodal symmetric surfaces. 


Proof. An orientation on the determinant line of a real CR-operator on a real bundle pair (V, ip) 
over a one-nodal symmetric surface (E, a) is determined by 

(1) an orientation on the determinant line of a real CR-o pera tor on the corresponding real bundle 
pair {V, (f) over (E, a) as in the proof of Proposition 

(2) an orientation on the real vector space 14 ^ 2 . 


6.2 


and 


An isomorphism of real bundle pairs over (E, a) as in (5.5) lifts to a similar isomorphism over (S, a 


which respects all identifications on the lifted bundles. A real orientation on {V, ip) determines (2) 


and an isomorphism of real bundle pairs over (E,cr) as in (5.5); see Proposition 6.2 Thus, the 


claim follows from the proof of the first conclusion of Corollary 5.7 


□ 
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6.2 Smoothings of one-nodal symmetric surfaces 

Let C = (Ti, zi,..., zi) be a one-nodal marked Riemann surface and vr: U —> A be a holomorphic 
map from a complex manifold to a disk around the origin in C with sections si,... ,si: A — >U. 
Define 

A* = A-{0}, AM = AnM, A^ = A*nM, A± = AnM± . 

We will call the tuple (vr, si,..., si) a smoothing of C if 

• St = 7r“^(f) is a smooth compact Riemann surface for all teA*; 

• Si{t) Sj{t) for all teA and i¥=j', 

• (So,si(0),...,Si(0))=C. 

Let C = (S, {zi , z^),..., {z'^, zY)) be a one-nodal marked symmetric Riemann surface with invo¬ 
lution fj, (vr, si,..., si) be as in the previous paragraph, and Y : U —> U be an anti-holomorphic 
involution lifting the standard involution c : A —> A. We will call the tuple (vr,^, si ,... ,si) a 
smoothing of C if (vr,si,?osi,... is a smoothing of C and c^Ieq = o'- In such a case, let 

o'f=?|st Ini' each teAR. 


With (vr, c^, si,..., si) as above, denote by and S—the node and the normalization of S, 

respectively, and set S* = S —{xi 2 }. Let 

Uq = {{t,Zi,Z2)^AxC'^ : l^il, 1221 < 1, ZiZ2 = t}. 


As hbrations over A, 


U ^ {U0UU')I {t,Zi,Z2) 


{t,zi), if |zi| > 1 ^ 21 ; 
{t,Z2), if |zi| <| 2 ; 2 |; 


( 6 . 10 ) 


for some family U' of deformations of S* over A, a choice of coordinates zt on S centered at Xi, 
and their extensions to U. The local coordinates zi,Z 2 and the family V(' in (6.10) can be chosen 
so that W is preserved by ^ and the identification in (| 6 . 10 ) intertwines the involution 


Uo - >l(o, {t,Zi,Z2) - >{t,Z2,Zi) or {t,Zi,Z2) - >{t,Zi,Z2), 


( 6 . 11 ) 


depending on whether (S, xi 2 , cr) is of type (E) or (H), with the involution c on L/. In particular, 
U retracts onto Sq respecting the involution E 


A and "c are as above, (R, (p) 


(L/, c) is a real bundle pair, and V and A are 

The restriction of V 


Suppose vr: U 

a connection and a 0-th order deformation term on (R, ip) as in Section 4.2 
and A to (R, <^)|(St,crt) with te Ar determines a real CR-operator Df. By [25l Appendix D.4] and 
O Section 3.2], the determinant lines of these operators form a line bundle 


detD(v/,^)—>A r. (6.12) 

We denote by det dc —> Ar the determinant line bundle associated with the standard holomorphic 
structure on (L/xC,?xc). 
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Corollary 6.7. Let (vr,"c), {V,ip), and (V,^) be as above. Then a real orientation on {V,ip) as in 


Definition 5D_ induces an orientation on the line bundle 

det = (det -D(y^)) ® (det dc)®” —> Ar, (6.13) 

where n = rkcF. The restrietion of this orientation to the fiber over each is the ori enta tion 

on det Dt induced by the restriction of the real orientation to (V^, <y7)|(St,o-t) os in Corollary 5.1. 

Proof. By Proposition 6.2 the restriction of the real orientation to (1^, <^)|(Eo,(to) determines a 


homotopy class of isomorphisms 'h of real bundle pairs as in (5.2). Since U retracts onto Sq 


respecting the involution every isomorphism \I'o over (So,(To) extends to an isomorphism 'I' of 
real bundle pairs over (^, c). Since an isomorphism 'I'o in the homotopy class determined by the 
restriction of the real orientation to (V, <^)|(Eo,o-o) satisfies the spin structure and conditions at 
the end of Proposition 5.2, the restriction 'bt to iV, ^)\{Y,t,cTt) its extension 'b also satisfies these 


conditions. The restriction of the orientation of the line bundle (6.13) induced by T to the fiber 
over each t e A^ is the orientation induced by The latter is the orientation induced by the 

□ 


restriction of the real orientations to (P, 95)|(Et,o-t)' 


Thus, the real line bundle (5.28) extends across the (codimension-one) boundary strata of the 
moduli spaces 9Jlg^/(A, B] J)*^ and so does its orien tation induced by a real orientation on (X, fi). 
The other factor in orienting the line bundle (1.4) over the uncompactified space B; 


is the canonical orientation of the line bundle (5.18). The next lemma makes it possible to extend 


the orientations induced by the isomorphisms (5.21) used in orienting (5.18) to (but not across) 
the boundary strata. 


Let S be a smooth Riemann surface and x 6 S. A holomorphic vector field ^ on a neighborhood 
of X in S with ^(x) = 0 determines an element 

Similarly, a meromorphic one-form r/ on a neighborhood of x in S has a well-defined residue at x, 
which we denote by ^xV- ^ holomorphic line bundle L —>S, we denote by Ll{L) the sheaf of 
holomorphic sections of L. 


Lemma 6.8. Let (vr: Id —>■ A, c) be a smoothing of a one-nodal symmetric Riemann surface (S, a) 
and xi,X 2 eS be the preimages of the node xi 2 eS in its normalization. There exist holomorphic 
line bundles T, T —>U with involutions ip,(p lifting f such that 

(r,(^)|^^ = (rSi,dc|TEj, = {T*j:t,idf\TEX) v ^eA^ 

^^(riEo) = Ueii(rs(-Xi-X2)): veUi+veu, = o}, 

= {r/ef^(T*£(xi + X 2 )): = 


Furthermore, (T, </?)*. 


>-U' the vertical 


Proof. We continue with the notation as in (6.10) and (6.11). Denote by T^'^W- 
tangent bundle. Let 

f = (Z^oxC u 

if|zi|>|z2|; fc%^, if|2i|>|z2|; 

■fi i/i I {t,zi,Z2,c)i y -n, , , , 

if | 2 ;i|<| 2 ; 2 |; | -c ^ , if Ri < R 2 . 


T= {UqxCu T^'^U')i 


{t,Zl,Z2,c) 


dzi 


-CZ2 


dz 2 I ( 1 , 2 : 2 )’ 


2:2 
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Under the identifications (6.10), the vector field and one-form on a neighborhood of the node in lA 


associated with (t, z\,Z 2 ,c)eUQxC correspond to the vector field and one-form on Uq given by 


c zi - -Z 2 — and 

dz\ dz 2 


d2;i|st d2:2|st 

c- = —c- 


Zi 


Z2 


respectively (the above equality of one-forms holds for t 0). Thus, T and T have the desired 
restriction properties. Since the map 


T<S)cf —> lAxC, 


[t,Zi,Z2,Ci]®[t,Zi,Z2,C2\ -> ([f, Zi,Z2],CiC2), {t, Zi, Z 2 ) Ci,C2eC, 


[u]0[a ]—> a{v) aeT*j:t, {t,Zi)eU', 

is a well-defined isomorphism of holomorphic line bundles, T ^T*. 


The identifications in the construction of T and T above intertwine the trivial lift of (6.11) to a 
conjugation onUoxC with the conjugations on and induced by dZ Thus, they 

induce conjugations ip and ip on T and T. The above trivialization of T<S>cT intertwines the 
resulting conjugation on the domain with the conjugation c onlAxC. Thus, (T, (p) and (T, ip)* 
are isomorphic as real bundle pairs over □ 


Lemma 6.9 (Dolbeault Isomorphism). Suppose (S,(t) and (tt: lA —>-A, c) are as in Lemma 6.8 and 
(L, (j)) —> (^, c) is a holomorphic line bundle so that degL|s < 0 and deg L|s' ^0 for each irreducible 
component T,'The families of vector spaces L) and {Tit] L) then form vector bundles 

R^ir^^L and over A with conjugations lifting c which are canonically isomorphic as real 

bundle pairs over (A, c). 

Proof. The assumptions on L ensure that H^{Tt]L) = 0 for all te A. By the Dolbeault Theorem 
|23[ pl51], this implies that H^{Tt]L) = 0 for all t e A. By the first statement, H^{Tt]L) is 
unobstructed for all teA and these vector spaces naturally form a vector bundle over A. 

By the second statement, the sheaf R^tt^L is locally free over A and thus corresponds to a vector 
bundle over A. The involution ^ and conjugation cj) induce conjugations on the two bundles. 

The Dolbeault Isomorphism provides an isomorphism between the two resulting real bundle pairs 
over (A, c). □ 


Lemma 6.10 (Serre Duality). Suppose {T, a), {tx'.IA —>-A,c), and{T,(p) are as in Lemma 6.8 and 
{L,(f>) — *{lA,'c) is a holomorphic line bundle so that deg L\Y,>2ga{T)—2 and deg L\Y:'^2ga{T')—2 
for each irreducible component The family of vector spaces H^{Tt]L) then forms a vector 

bundle R^tt^^L over A with a conjugation lifting c and there is a canonical isomorphism 




(6.14) 


of real bundle pairs over (A, c). 


Proof. The left-hand side of (6.14) is a vector bundle by Lemma 6.9 The assumptions on L ensure 


that H^{Tt]L) = 0 for all te A. Thus, H^fTpL) is unobstructed for all f e A and these vector 
spaces naturally form a vector bundle R^tt^^L over A. The involution ^ and conjugation cf induce a 


conjugation on the right-hand side of (6.14). The Serre Duality provides an isomorphism between 


the two bundles in (6.14). Its composition with the multiplication by i is an isomorphism between 
the two bundles in (6.14) as real bundle pairs over (A, c). □ 
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Remark 6.11. The justification of Dolbeault Isomorphism Theorem in the case of Lemma 6.9 
consists of applying the exact sequence of sheaves at the bottom of [531 pl50] with p,q = 0 and 
E = L. As the standard 5-operator on a wedge of two disks is surjective, this sequence is indeed 
exact over the central fiber Sq = S (the exactness is established in [23] over complex manifolds). 

and 
with 


The Serre Duality for CR-operators over nodal Riemann surfaces appears in |45[ Lemma 2.3 
endows the total spaces of the left-hand side in (6.14) and of the bundle R^tt^L in Lemma 


6.9 


a topology via the fiberwise SD isomorphisms. The Serre Duality appears on the level of Cech 
cohomology in the standard algebro-geometric perspective; see m p98]. This viewpoint would 


establish Corollary 6.12 below by applying the Serre Duality first and the Dolbeault Isomorphism 
second. 


Let (tt, si,..., s;) be a smoothing of a one-nodal marked symmetric Riemann surface 

T, T —*U be the holomorphic line bundles with involutions (p,(p as in Lemma 


(6.15) 


6.8 


and 


TC = T{ — si—1osi — .. . — si — cosi), TC = T(si-l-'cosi-|-.. . + si + cosi). 
By the last statement of Lemma 


6.8 


TC* = TC. 


Corollary 6.12. If the marked curve {6.15 ) is stable, the orientation on the restriction of the real 
line bundle 

A;g°P((Ri7r,rC)‘^) ® A7((R5,r,(fC®f))") ^ Am (6.16) 

to induced by the Dolbeault and SD isomorphisms as in the proof of Proposition |5.g| extends 
across t = 0. 


Proof. By Lemma 6.9 with L = 'TC and Lemma 6.10 with L = TC<S)'T, there are canonical isomor¬ 


phisms of vector bundles 

RV.TC ^ Rivr.TC = R|7r,((fC0f)*®'f) ^ (R^7r,(fC0f))" 

over A which restrict to the Dolbeault and SD isomorphisms over each point. Since they commute 
with the involutions on the vector bundles, these isomorphisms induce an orientation on the real 


line bundle (6.16) that restricts to the orientation on each fiber induced by the real parts of the 
Dolbeault and SD isomorphisms. □ 

6.3 The orientability of the real Deligne-Mumford space 

We now study the extendability of the canonical orientations of the line bundles appearing in the 
proof of Proposition |5.9| and establish Proposition |6.1[ The two main ingredients in this proof are 
Lemmas 16.141 and 16.171 below. The next lemma summarizes the fundamental difference between 
the two pairs of cases in Proposition |6.1[ 


Lemma 6.13. Let {T,,xi 2 ,cr), ('7r,L), and {'T,<p) be as in Lemma 6.8 The restriction of the real 
line bundle to the singular topological component Ef a T,°' is orientable if the one- 

nodal symmetric surface {Ti,xi 2 ,cr) is of type (E) or (HI) and is not orientable i/(B,xi 2 ,o') is of 
type (H2) or (H3). 
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Proof. If (S,xi 2 , cr) is of type (E), SJ consists of the node xi 2 and there is nothing to prove. 
Otherwise, a local section of T‘^ near xi 2 is given by along the x-axis and along the 

y-axis. It points away from the origin along the x-axis and towards along the y-axis. The claims 
in the (HI) and (H2)/(H3) are thus immediate from the middle diagrams in Figures and 
respectively. □ 


Suppose (S,xi 2 ,(t) is of type (E) or (HI). By the first part of the proof of Corollary 5.6, the 
restriction of the real bundle pair 

(f®2©2r,(^^©2(^) ^ (ZY,c) (6.17) 

to the central fiber (E,ct) thus has a canonical real orientation. It extends to a real orientation 
on (6.17) which restricts to the canonical real orientation over each fiber (St,iTt) with teA^. 


Suppose (S,xi 2 , cr) is of type (H2) or (H3). The singular component Sf of consists of two 
copies of with a point xi on the first copy identified with a point X 2 on the second copy. By 


Corollary 5.6, there are then four natural real orientations on the restriction of (6.17) to (S,cj). 


They correspond to the two orientations of each of the two irreducible components of Each of 


the four real orientations extends to a real orientation on the real bundle pair (6.17) over fUft). 

Let C, (7r,c), and T,T —>U be as in Lemma 6.8 with (S,xi 2 , cr) of type (H2) 


Lemma 6.14. 

or (H3). For each of the four natural real orientations on the restriction of {6.11) to (E,(t), 


there exists ee{±l} such that the restriction over (St,cJt) of the extension of this real orientation 
over is the canonical real orientation i/ete Aj^ and differs from the canonical real orientation 
by the spin structure over precisely one component ofEf* ifeteA^. 

Proof. For A^, the topological component of corresponding to SJ is obtained as follows. 
Cut the first copy of at xi into a closed interval S'J with endpoints 1“ and 1”^; cut the second 
copy of at X 2 into a closed interval 5^ with endpoints 2” and 2'^. For teA^, ^ is formed 

from S'! and 5*2 by identifying either 1“ with 2^ and with 2~ or 1“ with 2~ and with 2^. 

For teAj^, is formed by the other identification. Thus, the transition from with teA^ to 
with te A]J is equivalent to flipping the second copy of around X 2 and another point. This 
flips the orientation on 5*2. By the second part of the proof of Corollary 


5.6 


this is equivalent to 

flipping the spin structure on the restriction of the real part of (6.17) to half of with te A^. 

Thus, precisely one of the two spin structures (either before or after the flip) on the restriction of 
the real part of (6.17) to is the canonical one. □ 


Remark 6.15. Suppose both copies of in the proof of Lemma 6.14 are oriented from the — to 


end. These orientations determine spin structures on the restrictions of the real part of (6.17) to 
the two irreducible components of SJ. The spin structure over is then the canonical one if 
is obtained by gluing 1” with 2~ and 1'^ with 2~^. This gluing untwists back a half-spin of M in 
over the first circle, instead of completing it to a full twist. 


Corollary 6.16. Let (S,cr), (S,u), (vr,'c), andT,T- 
on the restriction of the real line bundle 

(det5(.^^^^g,2) © (detdc) 


•U be as in Lemma 


6.8. The orientation 


Alt 


(6.18) 


to A^ determined by the canonical isomorphisms of Corollary 5.6 extends across t = 0 if {Y,,xi 2 ,cr) 


is of type (E) or (HI) and flips if (T,,xi 2 ,cr) is of type (H2) or (H3). 
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Proof. Since U retracts onto S respecting the involution a real orientation on the restriction of 
the real bundle pair (6.17) to the central hber (S,<t) extends to a real orientation on (6.17). By 


Corollary 6.7 the former induces an orientation on the real line bundle (6.18) over Ajr. The re¬ 


striction of this orientation to the fiber over each te Am is the orientation induced by the restriction 


of the extended real orientation to the fiber of (6.17) as in Corollary 5.7 


Suppose (S, Xu, O') is of type (E) or (HI). The canonical real orientation on (6.17) over (S, a) then 


induces the canonical real orientation on the restriction of (6.17) over (I^t,o't) with fe A^. Thus, 
the orientation on (6.18) induced by the canonical real orientation on ( |6.17| ) over (Ejcr) restricts 
to the canonical orientation over teA^. This establishes the claim for types (E) and (HI). 


Suppose (S,xi 2 ,(t) is of type (H2) or (H3). Eix one of the four natural real orientations on (6.17) 


over (S,(t) and let ee{ + l} be as in Lemma 6.14 Since this real orientation induces the canonical 


real orientation on (6.17) over (S, a) if ete Aj^, the orientation on (6.18) induced by the former re¬ 
stricts to the canonical orientation if steA^. Since the chosen real orientation on (6.17) over (S, a) 


induces an orientation on (6.17) differing from the canonical one by the spin structure over precisely 


one component of if ete A^, the orientation on (6.18) induced by the former restricts to the 

This establishes the claim for 

□ 


opposite of the canonical orientation if et e Ajj; see Corollary 
types (H2) and (H3). 


5.7 


Le mma 6.17. Suppose g,l e with g + l^ 2 and {Ti,xu,o), C, and (vr,?, si,..., s;) are as 
in (6.15) with Z7|ah —> A® embedded inside of the universal curve fibration over The 


orientation on the restriction of the real line bundle 


Aic 


(6.19) 


to A^ induced by the KS isomorphism as in (5.21) flips across t = 0. 


Proof. Let xi,X2^ E be the preimages of the node xu^Tj as before and 

TC = TE(— zj*" — zf —.. . — z(f — z(f—xi—X2). 

Denote hy Ng^i<^ Aig^i and the one-node strata, by Lfl —the normal bundle 

of in M.Aig^i, and by TC —> Ug- 2 , 1+2 the twisted down vertical tangent bundle over the 

universal curve vr: Ug- 2 , 1 + 2 —Let Cxi 2 —^E be the skyscraper sheaf over xu- 


X12 


0 


( 6 . 20 ) 


The short exact sequence of sheaves 

0 —> 0(TC|s) —^ 0{TC) —> C 

induces an exact sequence 

0— >C —» t1(E;0(TC|e)) — >H^{%0{TC)) —>0 
of complex vector spaces. Its real part is a short exact sequence 

0 —> M —^ T^(E;0(TC|s))'' —» #^(S;0(rc))^ —> 0 (6.21) 

of real vector spaces. By the definition of L®, there is also a natural short exact sequence 

0 ^ Tcmfg^i ^ TcRMg,i ^ L®|c ^ 0 (6.22) 
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of real vector spaces. 


By (6.21) and (|6.22[), there is a canonical isomorphism 


{Tcmg,i 


(6.23) 


The complex vector bundles 

TJ\fg^i,R\yTC) -^Afg,i 

extend over a neighborhood of Afg^i in Aig^i as a subbundle of TAAg^i and a quotient bundle of 
R^tt^TC. The KS map induces an isomorphism between these two extensions. Over a neighborhood 
of C, these extensions can be chosen to be cr-invariant. We then obtain a diagram 


TcRAfg^i -- Tc,RMg,i -- 1% 


KS 

KS 




H^{yO{TC)Y ^ -#1 (Et;0(rC|Ej)'"* ^-M 


of vector space homomorphisms which commutes up to homotopy of the isomorphisms given by 
the vertical arrows. The KS map for (S, xi,X 2 ) induces a continuous orientation on the hrst tensor 
product on the right-side side in ( 6.23| ) and its extension over Ajr. Thus, it is sufficient to show 
that for small values of te the KS map for (S^, at) associates the vector 




(6.24) 


with the same direction of the factor M in (6.23), regardless of whether tG A^ or tG Aj^ (in these 


two cases, the radial vector held determines opposite orientations on 


We use the explicit description of the KS map at the bottom of page 11 in |28j and continue with 
the notation in the proof of Lemma |6.8[ We cover a neighborhood of in U by the open sets 

Ui = [{t,zi,Z 2 )^UQ'- 2 \z 2 \< 1 } and U 2 = {{t,z\,Z 2 )^Uo-. 2\zi\<\], 


along with coordinate charts each of which intersects at most one of lAi and IA 2 - Since Z 1 Z 2 = t 
on Uq, the overlaps between the coordinates zi on Ui and Z 2 on ^2 are given by 

zi = Z 2 ) = tzY and 2:2 = / 2 i(L zi) = tzY; 


all other overlap maps do not depend on t. Thus, the KS map takes the tangent vector (6.24) to 
the Cech 1-cocycle on Hi given by 

Sfi2 S , , 1 d ^ d /21 


d\t\ dzi 


1-1 ^ 

I 


a _ ^J21 d d 


and vanishing on all remaining overlaps. The positive factor of does not effect the orientation 
on the hber of (6.19) over teA^ induced by the KS map and can be dropped above. The resulting 
Cech 1-cocycle 9t is then an extension of the Cech 1-cocycle 6q on B given by 




















and vanishing on all remaining overlaps. For t e Ajr*, the positive direction of the last tensor 
product on the right-hand side of (6.23) is thus given by 


d\t\ 


®dt-, 


this orientation does not extend across t = 0. 


□ 


Proof of Proposition \67l\ Suppose (S,xi 2 ,cr), C, and (7r,^, si,..., s;) are as in (6.15) with 
^|ak —> Ak embedded inside of the universal curve fibration over The orientation on 

the restriction of the real line bundle (3.1) to A^ provided by Proposition 5.9 is the tensor prod¬ 
uct of 


(1) the orientation on the restriction of the real line bundle (6.19) to A^ induced by the KS 
isomorphism, 


(2) the orientation on the restriction of the real line bundle (6.16) to A^ induced by the Dolbeault 
and SD isomorphisms, 

(3) the orientation on the restriction of the real line bundle 

(det^(-f0 0 >■ Ajr 

to A^ induced by the short exact sequences (|5.23) and the specified orientations of (5.20), 


(4) the orientation on the restriction of the real line bundle (6.18) to A^ determined by the 


canonical isomorphisms of Corollary 5.6 


Since the family of the short exact sequences ( 5.23[ ) and the specified orientations of (5.20) extend 
across t = 0, so does the orientation in |(3)[ By Corollary 6.12 the orientation in (2) also extends 
across t = 0. By Lemma 6.17, the orientation in |(1)| flips across t = 0. By Corollary 6.16, the 
orientation in (4) extends across t = 0 if {T,,xi 2 ,cr) is of type (E) or (HI) and flips if (I1 ,xi2,(t) is 
of type (H2) or (H3). Combining these four statements, we obtain the claim. □ 


6.4 Proofs of the main statements 

We now establish the main statements of this paper. Theorems |1.3| and |1.5 


Proof of Theorem 1.3\ By Corollary 5.10, a real orientation on determines an orien¬ 

tation on the restriction of the real line bundle (1.4) to the uncompactified moduli space 




for every topological type a of genus g orientation-reversing involutions. We show that these ori¬ 
entations multiplied by (—l)s+l°'lo+^ extend across the codimension-one strata of dJlg^i^X, B; J)^. 


Suppose \u-,{zy^z-^ ),..., ),i] is a stable real morphism from a one-nodal symmetric sur¬ 

face (S, cr). Since the fibers of the forgetful morphism 

Mg,Z+l(A, B- J)^ Mg,l{X, B- J)^ 
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are canonically oriented, we can assume that 


C = {z'^,zi ),j) 


is a stable symmetric surface and thus defines an element of The canonical isomor¬ 

phism (5.27) then extends across [n]. By Corollary |6.7[ the canonical orientation on the restric¬ 
tion of the real line bundle (5.28) to Tlg^i{X, B; also extends across [n]. Since (—l)5+klo+i 
flips across the codimension-one boundary strata of types (E) and (HI) and extends across the 
codimension-one boundary strata of types (H2) and (H3), the claim now follows from Proposi¬ 
tion 16.11 □ 


Proof of Theorem \1.5[ By Theorem 1.3 1 the compactified moduli space H; J, v)^ is ori- 


entable. Thus, the orientability of B; J,u)^ is determined by the orientability of the 

vertical tangent bundle of the forgetful morphism 

B- J, vf ^ B; J, vf (6.26) 


dropping the real marked points. The fibers of (6.26) over the main strata 


B; J, Cl B; J, uf 


are open subsets of (5^) 


i\fc 


Since there are diffeomorphisms hePa which reverse an orientation on the fixed locus, the vertical 
tangent bundle of (6.26) is not orientable over ^i^i{X,B] if k is odd. If k is even, the 


fibers of (6.26) are canonically oriented as follows. If |cr|o = 1, an orientation on the fixed locus 


determines an orientation on each fiber of (6.26) which is independent of the choice of the first 
orientation. If \a\o = 2, the fixed locus S®" splits S into two annuli; let be either of these annuli. 
Endow one of the boundary circles of with the induced boundary orientation and the other 
with the opposite of the induced boundary orientation. These choices determine an orientation on 


each fiber of (6.26). Since k is even, this orientation is independent of which circle is oriented as 
a boundary and thus of the choice of the half We determine the orientability of the vertical 
tangent bundle over Tli^i{X, J, by studying how these canonical orientations change across 
the codimension-one boundary strata. 


If 5 = 1, the codimension-one boundary strata can be of types (E), (HI), and (H3) only. If A:>0, 
the domains of all morphisms of type (E) are one-nodal symmetric surfaces (T,,xi 2 , cr) with the 
fixed locus consisting of the node xi 2 and a fixed circle SJ containing all of the real marked points. 


The canonical orientations on the fibers of (6.26) extend across such strata. 


In the (HI) case, the nodal symmetric surface (E,ct) is (IP^,r) with two real points identified. In 
particular, the fixed locus S®" splits S into two copies of a disk with two boundary points identified; 
denote by either of these copies and by xi 2 e S”" the node. Let (T, (f) be the real bundle pair over 
a one-parameter family of smoothings of (S, cr) as in Lemma 6.8 An orientation on 


induces an orientation on for every smoothing of (T,t,at). By the matching condition on 


n(T|so) ™ Lemma 6.8, the orientation on 


= r(s‘^-xi2) 
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as the boundary of does not extend over xi 2 . This implies that the orientation on with 
\cFt\o = 2 induced by an orientation on is not the boundary orientation from either of the 

annuli obtained by cutting along Thus, the canonical orientations on the fibers of (6.26) 

extend across the (HI) boundary strata as well. 


In the (H3) case, the nodal symmetric surface (T,ct) consists of a genus 1 surface with a sphere 
bubble attached. A choice of an orientation on is compatible with the orientation of the fixed 
locus on only one side of the boundary. If the number of the real marked points on either the torus 


or the sphere is even, then the orientation of the fibers of (6.26) still extends across this stratum 


We will call the codimension-one boundary strata of type (H3) with odd numbers of real marked 
points on the torus and the sphere to be of type (H3”). Following the approach of [HES]) we show 
that in a generic one-parameter family the cut-down moduli space does not cross such strata and 


thus the counting invariant (1.5) is well-defined. 


Let 


ev: B- J, vf ^ A' x (A'^)^ 

[u,{z^,z^),..., {z^,zf),xi ,.. . ,Xfc,j] —> {u{z ^),.. .,u{z^),u{xi),.. .,u{Xk)), 

be the total evaluation map from the moduli space of simple (J, i^)-maps. Choose pseudocycle 
representatives 

..., hr.Yi^X 

for the Poincare duals of /ii,..., /i;. We can assume that 


i 

J]{degfii-2) + 2k = (ci{X),B} 


(6.27) 


and so k is even under our assumptions. Choose k real points pi,... If (A,cu) is strongly 

semi-positive, (J, u) is generic, and hi,... ,hi,pi,... ,pk are chosen generically, then ev is transverse 
to the pseudocycle 

hix.. .hi X Pi X ... xpfcc A^ X (A*^)^ . 

The intersection of ev with this pseudocycle, i.e. 


9JI 


* 

l,l;k 


{X,B-J,u) 


<t> 


= ),---,iz^,Zi ),xi,...,Xk,j],yi,...,yk) efUIi ^.^(A, J, z^)"^ x Tj: 


i=l 


u(z+) = /ii(yi) Vz = u{xi)=pi Vi = l,...,A:}, 


is then a zero-dimensional manifold. A real orientation on {X,u},(j)) and the canonical orientation 


on the vertical tangent bundle of (6.26) determine an orientation of this manifold. We set 


</ii,..., W; pt^ J, = ^\mli.^k{X, B; J, 




to be the signed cardinality of this set. 
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Let and {J 2 ,i^ 2 ) be two regular (/)-invariant pairs and {Jt,i^t} be a generic path between 

them. If {X, oj) is strongly semi-positive, the image of the (/>-multiply covered maps is of codimension 
at least 2; a generic path of cut-down moduli spaces thus avoids them. Along the path 
the cut-down moduli space forms a one-dimensional bordism and contains finitely many points in 
the codimension-one boundary strata of type (H3“). We orient this bordism outside of the (H3“) 
elements as the preimage of the submanifold 

under the transverse morphism 


l 

ev X hix...xhi: x Tl^.f^iX, B; Jt, ut) x F* —> X^ x {X^)’‘ x XK 

ts[0,l] *=1 

The signed cardinalities of the boundaries of this bordism over t = 0 and t = l are 

//;;pt^; Jo, and </ii,...,/i/; pt^; Ji, (6.28) 

respectively. 


Suppose that in a one-parameter family the cut-down moduli space crosses a codimension-one 
boundary stratum of type (H3) with the map degree splitting into classes Bi,B 2 ^H 2 {X]Z). By a 
dimension count, this can happen only if 


h h 

^(deg^Uj—2) -h 2ki ^ (ci{X),Bi) + 1 and ^(deg/ij.-2) -h 2 k 2 ^ <ci(X),B 2 > -f 1. 


Using (6.27), we obtain 


h h 

^(deg^j.-2) + 2k2-l ^ (ci{X),B2} ^ ^(deg/i^—2) + 2k2 + I ■ 


j=i 


2 = 1 


Since deg^j, — 2 and {ci{X),B 2 ) are divisible by 4, this implies that k 2 is even and that the 
codimension-one boundary strata of type (H3“) are never crossed. Thus, the canonical orienta¬ 
tions extend over the whole cobordism and the two counts in (6.28) are equal. 


A similar cobordism argument holds for a strongly semi-positive deformation of a; and for a change 
of the pseudocycle representatives. The general case is treated using Kuranishi structures similarly 
to [38l Section 7]. □ 
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